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Abstract
Cosmological B−L breaking is a natural and testable mechanism to generate the
initial conditions of the hot early universe. If B−L is broken at the grand unifi-
cation scale, the false vacuum phase drives hybrid inflation, ending in tachyonic
preheating. The decays of heavy B−L Higgs bosons and heavy neutrinos gener-
ate entropy, baryon asymmetry and dark matter and also control the reheating
temperature. The different phases in the transition from inflation to the radiation
dominated phase produce a characteristic spectrum of gravitational waves. We
calculate the complete gravitational wave spectrum due to inflation, preheating
and cosmic strings, which turns out to have several features. The production
of gravitational waves from cosmic strings has large uncertainties, with lower
and upper bounds provided by Abelian Higgs strings and Nambu-Goto strings,
implying ΩGWh
2 ∼ 10−13 − 10−8, much larger than the spectral amplitude pre-
dicted by inflation. Forthcoming gravitational wave detectors such as eLISA,
advanced LIGO, ET, BBO and DECIGO will reach the sensitivity needed to test
the predictions from cosmological B−L breaking.
ar
X
iv
:1
30
5.
33
92
v2
  [
he
p-
ph
]  
4 O
ct 
20
13
1 Introduction
Relic gravitational waves (GWs) are a fascinating window to the very early universe [1].
They are generated by quantum fluctuations during inflation [2] as well as in the form
of classical radiation from cosmic strings [3]. Another important source is preheating
after inflation via resonant decay of an oscillating inflaton field [4] or violent collisions
of bubble-like structures [5] in tachyonic preheating [6].
We have recently proposed a detailed picture of pre- and reheating where the initial
conditions of the hot early universe are generated by the spontaneous breaking of
B−L, the difference of baryon and lepton number [7–9]. The false vacuum phase of
unbroken B−L symmetry yields hybrid inflation with an energy density set by the scale
of grand unification [10, 11]. In the B−L breaking phase transition ending inflation
most of the vacuum energy density is rapidly transferred to non-relativistic B−L Higgs
bosons, a sizable fraction also into cosmic strings. The decays of heavy Higgs bosons
and heavy Majorana neutrinos generate entropy and baryon asymmetry via thermal
and nonthermal leptogenesis [12, 13]. The temperature evolution during reheating is
controlled by the interplay between the B−L Higgs and the neutrino sector. The origin
of dark matter are thermally produced gravitinos [14].
In this paper we compute the GW spectrum predicted by cosmological B−L break-
ing. It receives contributions from all the possible sources mentioned above: inflation,
cosmic strings and preheating. Much work has already been done on the stochastic
gravitational background from inflation (see, e.g. Refs. [15–17]). We are particularly
interested in features of the GW spectrum caused by the change of the equation of
state in the cosmological evolution. This has previously been studied in Ref. [18] with
the goal of determining the reheating temperature of the early universe. Our results
are consistent with those of Ref. [18]. The main difference is that we can resort to
a time-resolved description of the entire reheating process, studied in Ref. [9]. This
allows us to gain a better understanding of the connection between features in the GW
spectrum and the evolution of the temperature of the thermal bath, pinpointing to
which model parameters certain features in the spectrum are related.
A very interesting but also rather uncertain source of GWs are cosmic strings [19].
In the B−L breaking phase transition local cosmic strings are formed. The initial state
of such a network can be simulated numerically, and recently the amplitude of the scale-
invariant spectrum of GWs produced during the radiation dominated epoch has been
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determined [20]. Based on these results we obtain the GW spectrum for our model,
thereby extending the analysis to GWs produced during reheating and during matter
domination. For Abelian Higgs (AH) strings it is usually assumed that strings lose their
energy mostly via radiation of massive particles. In this case we find a GW spectrum
which has a very similar shape to that generated by inflation, but is amplified by several
orders of magnitude. This result opens up the possibility to measure features in the
GW spectrum related to the temperature evolution during reheating. Alternatively, one
also considers the possibility that, beyond a certain length, strings can be described as
Nambu-Goto (NG) strings, which lose their energy by radiating GWs, see e.g. Refs. [21–
23]. We shall also study the implications of NG strings for the GW spectrum and
compare the results with those obtained for AH strings.
Tachyonic preheating leads to GWs with a spectrum peaked at very high frequencies.
For certain parameter regimes of hybrid inflation the spectrum has been determined
numerically [24, 25]. We shall base our discussion on analytical estimates for the peak
frequencies, which we apply to our model.
Measuring the GW spectrum thus provides a unique possibility to test different
aspects of a phase transition in the early universe. Forthcoming space- and ground-
based interferometers such as advanced LIGO [26], ET [27], BBO [28], DECIGO [29]
and eLISA [30] will reach the sensitivity necessary to probe this scenario. At the
same time, millisecond pulsar timing experiments already now put stringent bounds on
NG cosmic strings [31] and future experiments such as SKA [32] will further increase
this sensitivity. It will however remain a challenge to disentangle the GW spectrum
from a phase transition in the early universe from other sources of GWs, due to both
astrophysical processes and subsequent cosmological phase transitions, see e.g. [33, 34].
The paper is organized as follows. In Sec. 2 we recall some basic formulas for
the production of GWs and the transfer function which are needed in the subsequent
chapters. The main ingredients of our model for pre- and reheating are described in
Sec. 3. Secs. 4 and 5 deal with the production of GWs during inflation and preheating,
and in Secs. 6 and 7 GWs from cosmic strings are discussed, for the case of AH strings
and NG strings, respectively. Sec. 8 focuses on probing the reheating temperature by
measuring a feature in the GW spectrum. Constraints from the cosmic microwave
background and observational prospects are the topic of Sec. 9, and we conclude in
Sec. 10. Three appendices deal with the scale factor and temperature evolution during
reheating as well as the analytical calculation of the GW background from NG strings.
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2 Cosmic Gravitational Wave Background
In this section we recall some basic formulas which we shall need in our calculation
of the various contributions to the GW background. GWs are tensor perturbations of
the homogeneous background metric. In a flat Friedmann Robertson Walker (FRW)
background, these perturbations can be parametrized as [33]
ds2 = a2(τ)(ηµν + hµν)dx
µdxν . (1)
Here ηµν = diag(−1, 1, 1, 1), a is the scale factor and xµ are conformal coordinates,
with xi denoting the comoving spatial coordinates and τ = x0 the conformal time.
These are related to the physical coordinates and the cosmic time as xphys = a(τ)x
and dt = a(τ) dτ , respectively1.
Introducing
h¯µν = hµν − 1
2
ηµνh
ρ
ρ , (2)
the linearized Einstein equations describing the generation and propagation of GWs
read
h¯′′µν(x, τ) + 2
a′
a
h¯′µν(x, τ)−∇2xh¯µν(x, τ) = 16piGTµν(x, τ) , (3)
with a prime denoting the derivative with respect to conformal time; G is Newton’s
constant and Tµν is the anisotropic part of the stress energy tensor of the source. The
total stress energy tensor is the sum of Tµν and an isotropic part which determines the
background metric. Outside the source, we can choose the transverse traceless (TT)
gauge for the GW, i.e. h0µ = 0, hii = 0, ∂
jhij = 0, which implies h¯µν = hµν . The mode
equation which describes the generation and propagation of these degrees of freedom
(DOFs) can be obtained by using an appropriate projection operator [33] on the Fourier
transform2 of Eq. (3),
h˜
′′
ij(k, τ) +
(
k2 − a
′′
a
)
h˜ij(k, τ) = 16piGaΠij(k, τ) , (4)
where h˜ij = ahij, Πij denotes the Fourier transform of the TT part of the anisotropic
stress tensor Tµν , k = |k|, and k is the comoving wavenumber, related to the physical
wave number through kphys = k/a.
1Here and in the following, Greek letters denote Lorentz indices, µ, ν = 0, 1, 2, 3, whereas Latin
letters refer to the spatial indices, i, j = 1, 2, 3, with bold letters indicating 3-vectors.
2Our convention for the Fourier transformation is hij(x, τ) =
∫
d3k
(2pi)3 hij(k, τ) exp(ikx).
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A useful plane wave expansion of GWs is given by
hij (x, τ) =
∑
A=+,×
∫ +∞
−∞
dk
2pi
∫
d2kˆ hA (k) e
A
ij
(
kˆ
)
Tk(τ)e
−ik(τ−kˆx) . (5)
Here, kˆ = k/k, A = +,× labels the two possible polarization states of a GW in the
TT gauge and e+,×ij denote the two corresponding polarization tensors satisfying the
normalization condition eAije
ij B = 2δAB. hA(k) are the coefficients of the expansion and
the red-shift due to the expansion of the universe is captured in the so-called ‘transfer
function’ Tk(τ).
An analytical expression for Tk can be obtained by studying the homogeneous, i.e.
source-free, version of Eq. (4). Using the Friedmann equations, we find a′′/a ∼ a2H2.
The mode equation describes two distinct regimes. On sub-horizon scales, k  aH,
we can neglect the a′′/a term. The solution is thus simply h˜ij ∼ cos(ωτ) and hence
hij ∼ cos(ωτ)/a, i.e. the modes decay as 1/a inside the horizon. On the other hand, on
super-horizon scales, k  aH, we can neglect the k2 term. This yields 2a′h′ij+ah′′ij = 0,
with the solution
hij(τ) = A+B
∫ τ dτ ′
a2(τ ′)
, (6)
where A and B are constants of integration. This solution is a constant plus a decaying
mode which can be neglected. Hence on super-horizon scales the amplitude of the mode
remains constant, the mode is ‘frozen’.
With this, we identify the transfer function Tk capturing the effects due to the
expansion of the universe as
Tk(τ∗, τ) =
hEij(k, τ)
hEij(k, τ∗)
, (7)
with hEij(k, τ) denoting the envelope of the oscillating function hij(k, τ). For modes
present on super-horizon scales, i.e. GWs produced by inflation, the reference time τ∗
can be equally replaced by any τ < τk, where τk denotes the time when a given mode
with wavenumber k enters the horizon, k = a(τk)H(τk). To good approximation, the
transfer function can then be estimated as (see e.g. [17])
Tk(τ∗, τ) ≈ a(τ∗)
a(τ)
with τ∗ =
τi for sub-horizon sourcesτk for super-horizon sources , (8)
with τi marking the time when the GW is generated. Here in the latter case, we
assume the amplitude to be constant until τ = τk and then to drop as 1/a immediately
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afterwards. The actual solution to the mode equation yields corrections to both of these
assumptions, however as a numerical check reveals the effects compensate each other so
that Eq. (8) reproduces the full result very well. We will quantify this statement at the
end of Sec. 4 after discussing the transfer function in more detail. For super-horizon
sources we will in the following use the more compact notation Tk(τ) = Tk(τk, τ).
The GW background is a superposition of GWs propagating with all frequencies
in all directions. An important observable characterizing the GW background is the
ensemble average of the energy density [33], which is expected to be isotropic,
ρGW(τ) =
1
32piG
〈
h˙ij (x, τ) h˙
ij (x, τ)
〉
=
∫ ∞
−∞
d ln k
∂ρGW(k, τ)
∂ ln k
, (9)
with the angular brackets denoting the ensemble average and the dot referring to the
derivative with respect to cosmic time. Alternatively, one also uses the ratio of the
differential energy density to the critical density ρc = 3H
2/(8piG),
ΩGW(k, τ) =
1
ρc
∂ρGW(k, τ)
∂ ln k
, (10)
where H denotes the Hubble parameter. In the model considered in this paper, the
energy density receives contributions of quantum as well as of classical origin,
ρGW(τ) = ρ
qu
GW(τ) + ρ
cl
GW(τ) . (11)
The quantum part is due to inflation and therefore stochastic, whereas the classical
part is determined by the contributions to the stress energy tensor from cosmic strings
and from tachyonic preheating,
ρclGW(τ) = ρ
CS
GW + ρ
TP
GW(τ) . (12)
For a stochastic GW background the Fourier modes hA (k) in Eq. (5) are random
variables and their ensemble average is determined by a time-independent spectral
density Sh(k) [33],
〈hA (k)h∗B (k′)〉 = 2piδ (k − k′)
1
4pi
δ(2)
(
kˆ − kˆ′)δAB 1
2
Sh(k) . (13)
This relation reflects the fact that different modes are uncorrelated and that the back-
ground is isotropic. On sub-horizon scales, k  aH, Eqs. (5), (8) and (13) yield
〈
hij (x, τ)h
ij (x, τ)
〉
=
1
pi
∫ ∞
−∞
dk Sh(k)
a2(τ∗)
a2(τ)
, (14)
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and 〈
h˙ij (x, τ) h˙
ij (x, τ)
〉
=
1
pia2(τ)
∫ ∞
−∞
dk k2 Sh(k)
a2(τ∗)
a2(τ)
. (15)
Comparing this with Eq. (9) yields the differential energy density
∂ρGW (k, τ)
∂ ln k
=
a2(τ∗)
16pi2Ga4(τ)
k3Sh(k) . (16)
The classical contribution to the GW energy density is obtained by integrating
Eq. (4) from the initial time τi of GW production until today,
hij(k, τ) = 16piG
1
a(τ)
∫ τ
τi
dτ ′a(τ ′)G(k, τ, τ ′)Πij(k, τ ′) , (17)
where G(k, τ, τ ′) is the retarded Green’s function of the differential operator on the
left-hand side of Eq. (4). For sub-horizon modes, i.e. kτ  1, one has G(k, τ, τ ′) =
sin(k(τ − τ ′))/k. It is now straightforward to evaluate the ensemble average 〈h˙2〉.
Assuming translational invariance and isotropy of the source,〈
Πij(k, τ)Π
ij(k′, τ ′)
〉
= (2pi)3Π2(k, τ, τ ′)δ(k + k′) , (18)
the resulting differential energy density simplifies to
∂ρGW (k, τ)
∂ ln k
=
2G
pi
k3
a4(τ)
∫ τ
τi
dτ1
∫ τ
τi
dτ2a(τ1)a(τ2) cos(k(τ1 − τ2))Π2(k, τ1, τ2) . (19)
Here, in order to perform the ensemble average, we have also averaged the integrand
over a period ∆τ = 2pi/k, assuming ergodicity.
3 Cosmological B−L Breaking
The main goal of this paper is to derive the full spectrum of GWs whose origin is either
directly or indirectly related to the B−L phase transition. In the next chapters, we are
going to discuss in turn all of the relevant sources for GWs. For now, let us first review
how spontaneous B−L breaking at the end of hybrid inflation can be embedded into
supersymmetric theories.
Cosmological B−L breaking is implemented by the superpotential
WB−L =
√
λ
2
Φ
(
v2B−L − 2S1S2
)
, (20)
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where the chiral superfields Φ, S1 and S2 represent standard model gauge singlets
carrying B−L charges 0, −2 and +2, respectively. The radial component ϕ of the
complex scalar φ = ϕ/
√
2eiθ ⊂ Φ is identified as the inflaton. Similarly, the Higgs
multiplet S breaking B−L at the scale vB−L is contained in the fields S1,2 = S/
√
2e±iΛ.
The actual scalar B−L breaking Higgs boson σ corresponds in particular to the real
part of the complex scalar s ⊂ S. The parameter λ is a dimensionless coupling constant.
Assuming a canonical Ka¨hler potential for φ, the tree-level scalar potential induced
by WB−L is exactly flat in the direction of the inflaton ϕ. For ϕ larger than some
critical value, ϕ > ϕc = vB−L, the complex scalars in S1 and S2 are stabilized at
their origin, S1,2 = 0, such that B−L is unbroken. In this phase of unbroken B−L,
the energy density of the vacuum is non-zero, V0 =
1
4
λv4B−L, corresponding to an
explicit breaking of supersymmetry and entailing a stage of hybrid inflation. The
supersymmetric vacuum is stabilized by radiative corrections at the one-loop level,
forcing ϕ to slowly roll down to ϕ = 0. The corresponding scalar potential for the
inflaton field reads
V (ϕ) =
λ
4
v4B−L + V1l(ϕ/ϕc) , (21)
where for ϕ ϕc the one-loop correction is given by
V1l(ϕ) ' λ
32pi2
v4B−L ln(ϕ/ϕc) . (22)
Once ϕ passes below ϕc, the B−L Higgs boson becomes tachyonically unstable, i.e. it
acquires a negative mass squared. This triggers the sudden end of inflation and the
spontaneous breaking of B−L. In the true groundstate, we eventually have ϕ = 0 and
S1,2 = vB−L/
√
2.
The slow-roll parameters  and η of hybrid inflation as well as the amplitude ∆2s of
the scalar metric perturbations can be readily expressed in terms of λ and vB−L,
 ≈ λ
16pi2
|η| , η ≈ − λM
2
Pl
32pi3 ϕ2∗
≈ − 1
2N∗e
, (23)
∆2s(k∗) =
H2inf
8pi2M2Pl
≈ 64pi
2
3
N∗e
(
vB−L
MPl
)4
. (24)
Here, MPl = (8piG)
− 1
2 = 2.44×1018 GeV is the reduced Planck mass, k∗ = 0.002 Mpc−1
is the chosen pivot scale, which is probed by observations of the CMB, and N∗e ' 50
denotes the number of e-folds before the end of inflation, at field value ϕ∗ when the
pivot scale leaves the Hubble horizon. In Eq. (24) we have used the slow-roll relation
8
3M2PlH
2
inf = V0, where Hinf denotes the Hubble parameter during inflation. The value of
∆2s measured by the PLANCK satellite, ∆
2
s ' 2.18×10−9 [35], fixes vB−L to a value close
to the GUT scale. More precisely, in a detailed study of hybrid inflation that also takes
into account the production of cosmic strings as well as non-canonical contributions to
the Ka¨hler potential, the authors of Ref. [36] find consistency among all relevant obser-
vations for vB−L values ranging between 3× 1015 GeV and 7× 1015 GeV and couplings
in the range 10−4 .
√
λ . 10−1. Taking into account the recent PLANCK data [35],
the upper bound on vB−L comes down to vB−L . 6 × 1015 GeV.3 For definiteness, we
shall work with vB−L = 5 × 1015 GeV in the following. Note that successful inflation
only takes place for suitably chosen initial conditions [38], which also depend on the
gravitino mass [36].
Let us now turn to tensor perturbations. As evident from Eq. (23),  is suppressed
by a loop factor as compared to η. This results in a very small tensor-to-scalar ratio r
and hence a very small amplitude ∆2t of the tensor metric perturbations,
∆2t =
2H2inf
pi2M2Pl
=
λ
6pi2
(
vB−L
MPl
)4
= r∆2s ' r × 2.18× 10−9 , (25)
r = 16  ' 1.0× 10−7
(
λ
10−4
)(
50
N∗e
)
. (26)
According to the consistency relation nt = −r/8, we then immediately conclude that
our inflationary model always predicts a negligibly small tensor spectral index nt. In
the calculation of the GW spectrum, we can therefore neglect any variation of the
Hubble scale during inflation.
The spontaneous breaking of B−L at the end of hybrid inflation is accompanied
by two important non-perturbative processes. The first is tachyonic preheating which
denotes the transfer of the initial vacuum energy density V0 into a gas of non-relativistic
B−L Higgs bosons σ along with the non-adiabatic production of all particle species
coupled to the B−L Higgs field.4 The second process is the production of topological
defects in the form of cosmic strings. They are characterized by their energy density
per unit length µ, which, in the Abelian Higgs model, is given by [40]
µ = 2piv2B−LB
(
mS
mZ
)
, with B(β) = 2.4
(
ln
2
β
)−1
for β < 10−2 , (27)
3For a recent discussion, see e.g. Ref. [37].
4An interesting question in this context, which requires further investigation, concerns the effect of
the inflaton on tachyonic preheating, see e.g. Ref. [39].
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where mS and mZ denote the masses of the B−L Higgs and gauge bosons, respectively.
Preheating as well as cosmic strings act as sources of GWs and we will discuss their
respective contributions to the GW spectrum in Secs. 5, 6 and 7.
The B−L breaking sector couples to the supersymmetric standard model (sup-
plemented by three generations of right-handed neutrinos) via Yukawa terms in the
superpotential,
W ⊃ WMSSM +Wn , Wn = hνij5∗incjHu +
1
2
hni n
c
in
c
iS , (28)
where nci denote the superfields containing the charge conjugates of the right-handed
neutrinos, the matrices hnij and h
ν
ij encompass Yukawa coupling constants, and WMSSM is
the superpotential of the minimal supersymmetric standard model (MSSM). We assume
that the flavour structure of our superpotential derives from a U(1) flavour symmetry of
the Froggatt-Nielsen type that commutes with SU(5), cf. Ref. [41]. This is the reason
why we arrange all the superfields of our model in SU(5) multiplets. In particular,
we have 5∗i = (d
c
i , `i), i = 1, 2, 3. Furthermore, we also assume that the colour triplet
partners of the electroweak Higgs doublets Hu and Hd have been projected out. During
the B−L and the electroweak phase transitions, the fields S and Hu,d acquire vacuum
expectation values vB−L and vu,d, respectively. After electroweak symmetry breaking,
the superpotential Wn hence turns into the usual seesaw superpotential featuring a
neutrino Dirac as well as a neutrino Majorana mass term, thereby providing us with a
natural explanation for the smallness of the standard model neutrino masses.
After preheating most of the total energy density is stored in non-relativistic σ parti-
cles. These then slowly decay into all three generations of heavy Majorana neutrinos Ni
and sneutrinos N˜i via the second operator in the superpotential Wn. Subsequently, the
heavy (s)neutrinos decay in turn into the lepton-Higgs pairs of the MSSM via the first
operator in Wn. The (s)neutrino decay products thermalize immediately, thereby giving
rise to a hot thermal bath of MSSM radiation. This chain of decay and thermalization
processes represents the actual reheating phase of the early universe. As explained in
more detail in Refs. [8, 9], it is accompanied by the generation of a primordial lep-
ton asymmetry in the decay of the heavy (s)neutrinos as well as the production of a
thermal abundance of gravitinos. Electroweak sphaleron processes convert the lepton
asymmetry into the baryon asymmetry of the universe. Our scenario of cosmological
B−L breaking hence naturally accommodates baryogenesis via leptogenesis. Moreover,
given an appropriate superparticle mass spectrum, the thermally produced gravitinos
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either account themselves for the relic density of dark matter or they generate the dark
matter abundance in the form of MSSM neutralinos in their decays.
The two main quantities controlling the time evolution of the reheating process are
Γ0S and Γ
0
N1
, i.e. the vacuum decay rate of the B−L Higgs bosons and its superpartners
as well as the vacuum decay rate of the heavy (s)neutrinos of the first generation,5
Γ0S =
mS
32pi
(
M1
vB−L
)2 [
1−
(
2M1
mS
)2]1/2
, Γ0N1 =
m˜1
4pi
(
M1
vu
)2
, (29)
with m˜1 denoting the effective neutrino mass of the first generation,
m˜1 =
[
(hν)† hν
]
11
v2u
M1
. (30)
According to the Froggatt-Nielsen flavour model that our earlier study in Ref. [9] is
based on, the Higgs and (s)neutrino masses, mS and M1, are expected to differ by some
power of the Froggatt-Nielsen hierarchy parameter η ' 1/√300. Just as in our previous
work, we shall thus assume for definiteness that mS = M1/η
2. This reduces the number
of free and independent parameters to two, namely the two neutrino masses M1 and
m˜1 which then end up being in one-to-one correspondence to the two decay rates Γ
0
S
and Γ0N1 . A further important quantity, which can be determined as a function of Γ
0
S
and Γ0N1 , is the effective (s)neutrino decay rate Γ
S
N1
,
ΓSN1(a) = γ
−1(a) Γ0N1 , γ
−1(a) =
〈
M1
EN1
〉(S)
a
, (31)
which accounts for the fact that the (s)neutrinos which are produced with very high
momenta pN1  M1 in the decay of the B−L Higgs particles remain relativistic up
to their decay. Correspondingly, the factor γ−1 multiplying Γ0N1 in Eq. (31) denotes
the time-dependent inverse Lorentz factor for the heavy (s)neutrinos averaged over the
entire (s)neutrino phase space (cf. Ref. [8] for an explicit computation of γ−1).
In order to obtain a detailed and time-resolved picture of the reheating process, one
needs to solve the set of Boltzmann equations describing the evolution of all relevant
particle species. Such a study has been performed in Ref. [9]. For completeness, we now
recall some of the results of our earlier work (cf. Fig. 1, upper panel). A remarkable
feature of reheating after the B−L phase transition is an approximate plateau in the
5For simplicity, we shall assume that the decay of the B−L Higgs multiplet into the two heavier
(s)neutrino generations is kinematically forbidden (cf. also Ref. [9]).
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Figure 1: Upper panel: Comoving number densities of Higgs bosons (S), thermally and nonthermally
produced heavy (s)neutrinos (N th1 , N
nt
1 ), radiation (r), lepton asymmetry (B−L) and gravitinos (G˜).
Lower panel: Emergent plateau of approximately constant temperature. Input parameters: Heavy
neutrino mass M1 = 10
11 GeV, effective neutrino mass m˜1 = 0.04 eV. The B−L scale is fixed by
requiring consistency with hybrid inflation, vB−L = 5× 1015 GeV. As in Ref. [9].
12
radiation temperature around the time when the heavy (s)neutrinos decay (cf. Fig. 1,
lower panel). This constancy of the temperature over some extended period of time is a
direct consequence of a temporary balance between entropy production and cosmic ex-
pansion. The temperature at which the plateau is located represents the characteristic
temperature scale for leptogenesis as well as for the thermal production of gravitinos.
It is typically larger by some O(1) factor than the actual reheating temperature TRH,
which is reached towards the end of reheating when half of the total energy has been
converted into relativistic particles, cf. Sec. 8.
4 Gravitational Waves from Inflation
During inflation quantum fluctuations of the metric are stretched to ever larger physical
scales such that they eventually cross outside the Hubble horizon. Outside the horizon,
the amplitudes of these metric perturbations remain preserved and they only begin to
evolve again once they re-enter the Hubble horizon after the end of inflation (cf. Sec. 2).
Inflation hence gives rise to a stochastic background of GWs whose spectrum is directly
related to the properties of the primordial quantum metric fluctuations. The spectral
density Sh(k) for the GWs originating from inflation is easily calculated.
First, one expands the tensor perturbations hij into Fourier modes,
hij (x, τ) =
∑
A=+,×
∫
d3k
(2pi)3
ϕAk (τ) e
A
ij e
ikx . (32)
For each wavenumber k, we thus have two modes ϕ+k and ϕ
×
k . After rescaling these
fields in order to render them canonically normalized, their two-point function is given
by the usual expression for free scalar fields in an inflationary background,
φAk (τ) =
MPl ϕ
A
k (τ)√
2 (2pi)3/2
,
〈
φAk (τ)φ
B
k′(τ)
〉
=
H2inf
2k3
δABδ(3) (k + k′) , k  aH . (33)
The evolution of the modes φAk after the end of inflation is accounted for by the transfer
function Tk (cf. Eq. (7)), which enables us to write down an expression for the two-point
function that is valid at all times,〈
φAk (τ)φ
B
k′(τ)
〉
=
H2inf
2k3
T 2k (τ) δ
ABδ(3) (k + k′) . (34)
The correlation function of the tensor perturbations hij is correspondingly given by〈
hij (x, τ)h
ij (x, τ)
〉
=
∫ +∞
−∞
dk
H2inf
pi2kM2Pl
T 2k (τ) =
1
pi
∫ +∞
−∞
dk Sh(k)T
2
k (τ) , (35)
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from which we can readily read off the spectral density Sh,
Sh(k) =
H2inf
pikM2Pl
. (36)
Note that Eq. (35) extends Eq. (14) which is only valid for sub-horizon modes. Accord-
ing to Eq. (16), we hence obtain for today’s energy spectrum of GWs from inflation
ΩGW(k, τ0) =
k3
6a20H
2
0
H2inf
pi2kM2Pl
T 2k (τ0) =
∆2t
12
k2
a20H
2
0
T 2k (τ0) , (37)
where a0 = a(τ0) denotes the value of the scale factor today.
To good approximation, the transfer function Tk corresponds to the ratio of the
scale factor at the time when the mode with wavenumber k crosses back inside the
Hubble horizon to the present value of the scale factor, Tk ' a (τk) /a0, cf. Eq. (8).
Tk therefore depends on the expansion history of the universe and exhibits a different
functional dependence on k depending on whether a given mode re-enters the Hubble
horizon during matter domination, radiation domination or reheating.
It is instructive to compute the transfer function Tk analytically for the correspond-
ing three intervals of k values,
k ∈ [k0, keq), [keq, kRH), [kRH, kPH) , ki = aiH(ai) , (38)
where the subscript i = 0, eq,RH,PH labels the boundaries of the three epochs between
preheating and today.6 keq and kRH stand for the wavenumbers of the modes that
re-enter the Hubble horizon at the time of radiation-matter equality at a redshift of
roughly 3300 and close to the end of reheating, when half of the non-relativistic B−L
Higgs bosons and its superpartners have decayed. kPH is the wavenumber of the mode
that has just grown to the size of the Hubble horizon by the end of inflation and which
begins to move inside the horizon once the expansion of the universe becomes matter
dominated in the course of preheating. Metric fluctuations with k > kPH are never
stretched to horizon-size scales and thus always remain at the quantum level.
6As a consequence of the late-time acceleration of the universe, perturbation modes only re-enter
the Hubble horizon until akmin ' (Ωm/ (2ΩΛ))1/3 a0. At later times, the physical wavelengths of the
modes grow faster than the Hubble horizon, similarly as during inflation, so that they cross outside
the Hubble horizon again. The smallest wavenumber that ever crosses inside the Hubble horizon after
inflation consequently corresponds to kmin ' (3/2)1/2 (2ΩΛ)1/6 (Ωm)1/3k0 ' 0.86 k0. By comparison,
the mode with wavenumber k0 re-enters the Hubble horizon slightly earlier at a ' Ωma0.
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keq,kRH and kPH: As a preparation for our computation of Tk, let us now determine
in turn keq, kRH and kPH. After the end of the reheating process, the comoving entropy
density of radiation is conserved, a3sr = const., such that the Friedmann equation takes
the following form,
H(a(τ)) = H0
[
ΩΛ + Ωm
(
a0
a(τ)
)3
+
g∗(τ)
g0∗
(
g0∗,s
g∗,s(τ)
)4/3
Ωr
(
a0
a(τ)
)4]1/2
. (39)
Here, ΩΛ, Ωm and Ωr denote the ratios of the different energy densities to the critical
density today, while g∗(τ) and g∗,s(τ) are the effective sums of relativistic DOFs entering
the radiation energy and entropy densities, ρr and sr, at conformal time τ , respectively.
A mode with wavenumber k crosses the Hubble horizon at time τk and scale factor a(τk),
the latter of which is determined by the relation
k = a(τk)H(a(τk)) . (40)
The boundary wavenumber keq can now be calculated by means of Eqs. (39) and (40).
In doing so, we actually only have to take into account the dominating contributions
to the total energy density at the time of radiation-matter equality, i.e. only the second
and the third term on the right-hand side of Eq. (39).7 This yields
keq =
(
geq∗,s
g0∗,s
)2/3(
2g0∗
geq∗
)1/2
Ωm
Ωr
1/2
k0 = 7.33× 10−2 a0 Ωmh2 Mpc−1 , (41)
with geq∗,s = 3.91, g
0
∗,s = 3.91 and g
eq
∗ = 3.36. The present value of g∗ is sensitive to
the mass spectrum of the light standard model neutrinos. If all neutrinos are non-
relativistic at present, we have g0∗ = 2. On the other hand, if the lightest neutrino has
not yet turned non-relativistic, g0∗ is slightly larger, g
0
∗ = 2.45. Note that the numerical
value of keq is, however, not affected by this subtlety as it only depends on Ωr/g
0
∗.
As compared to keq, the computation of the boundary wavenumber kRH is com-
plicated by two effects. First, according to our definition of TRH as the temperature
when half of the total energy budget has been converted into relativistic particles, the
MSSM DOFs do not account for half of the total energy density at a = aRH. Instead,
the energy density of the non-relativistic B−L Higgs bosons and its superpartners at
a = aRH is balanced by MSSM radiation and the heavy, relativistic but nonthermal
7Similarly, if we were interested in the wavenumber of the mode crossing the Hubble horizon at the
time of matter-vacuum equality, we would only have to consider the first and the second term.
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(s)neutrinos together,
ρtot (aRH) = 2 ρS (aRH) = 2 [ρr (aRH) + ρN (aRH) + ρN˜ (aRH)] . (42)
In the following, we shall quantify the contribution of the thermal bath to the total
energy density at a = aRH by the factor αRH = ρtot (aRH) /ρr (aRH) ≥ 2. Second,
the comoving radiation entropy density a3sr is only conserved once all non-relativistic
particles and heavy (s)neutrinos have decayed, i.e. only for sufficiently late times after
a = aRH. In order to quantify the amount of entropy production after a = aRH, we
introduce the dilution factor
D =
(a3sr)aaRH
(a3sr)a=aRH
≥ 1 . (43)
Based on D, we may also define two further useful quantities: the would-be reheating
temperature T˜RH as well as the would-be radiation energy density at reheating ρ˜
RH
r ,
T˜RH = D
1/3 TRH , ρ˜
RH
r = D
4/3 ρr (aRH) , (44)
which represent the temperature and the energy density the thermal bath would have
had at a = aRH if, extrapolating back in time from the present epoch, no entropy
production took place as long as a > aRH. Both, αRH and D, need to be determined by
solving the Boltzmann equations and depend on the parameters of our model. We will
discuss this parameter dependence in Sec. 8. For now, we simply state that, taking both
effects quantified by the two factors αRH and D into account, one finds the following
expression for kRH,
kRH =
(αRH
2
)1/2
D−1/3
(
g0∗,s
gRH∗,s
)1/3(
2gRH∗
g0∗
)1/2
Ωr
1/2TRH
T 0γ
k0 , (45)
with gRH∗ = g
RH
∗,s = 915/4. Given the above relations, one easily sees that
αRH
2
= RD4/3 , R =
ρS (aRH)
ρ˜RHr
. (46)
The ratio R can be shown to take a constant value across the entire parameter space,
R ' 0.41 (cf. Appendix A). Physically, the quantity 1/R corresponds to the increase
of (a/aPH)
4 (ρr +ρN +ρN˜) after a = aRH due to the decay of the remaining B−L Higgs
bosons. Because R is a constant, it is possible to rewrite Eq. (45) in terms of the would-
be reheating temperature T˜RH or, equivalently, in terms of the effective temperature
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T∗ = R1/2 T˜RH ' 0.64 T˜RH,
kRH =R
1/2
(
g0∗,s
gRH∗,s
)1/3(
2gRH∗
g0∗
)1/2
Ωr
1/2 T˜RH
T 0γ
k0 (47)
=
(
g0∗,s
gRH∗,s
)1/3(
2gRH∗
g0∗
)1/2
Ωr
1/2 T∗
T 0γ
k0 = 2.75× 1014 a0 Mpc−1
(
T∗
107 GeV
)
. (48)
Here, T∗ is defined such that it appears in our final expression for kRH in exactly the
same way as the actual reheating temperature TRH would appear in kRH if one were
to perform a more naive calculation, neglecting the two correction factors αRH and D.
Put differently, if one tried to deduce the reheating temperature from a measurement
of kRH making use of the naive formula for kRH, i.e. Eq. (45) with αRH = 2 and D = 1,
one would end up with the effective temperature T∗. As we will see shortly, the GW
spectrum exhibits a kink just at k = kRH. This is why we shall refer to T∗ as the
‘effective kink temperature’. Finally, we emphasize that the distinction between TRH
and T∗ is crucial since the reheating temperature TRH turns out to be sensitive to the
properties of the Higgs sector as well as of the neutrino sector, while the effective kink
temperature T∗ is solely determined by the properties of the Higgs sector, cf. Sec. 8 for
a more detailed discussion.
The energy density at the end of preheating is given by the vacuum energy density
during inflation, V0 = λv
4
B−L/4, which yields for the wavenumber kPH,
kPH
kRH
= CRH
(
V0
ρRHtot
)1/6
=
CRH
α
1/6
RH
(
30λ
4pi2gRH∗
)1/6(
vB−L
TRH
)2/3
(49)
=
CRH
R1/6
(
15λ
4pi2gRH∗
)1/6(
vB−L
T˜RH
)2/3
= CRHR
1/6
(
15λ
4pi2gRH∗
)1/6(
vB−L
T∗
)2/3
.
Here, we have introduced CRH =
(
aPHH
2/3
PH
)
/
(
aRHH
2/3
RH
)
in order to account for the
complicated evolution of the Hubble parameter during reheating. Making the simpli-
fying assumption that the universe is strictly matter dominated throughout the entire
reheating process, one has CRH = 1. Hence, the actual value of CRH ought to be larger
than 1. In fact, as we demonstrate in Appendix A, CRH turns out to take a constant
value in the entire parameter space, CRH ' 1.13. All of the four wavenumbers k0, keq,
kRH and kPH can be translated into frequencies f = k/ (2pia0) at which GW experiments
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could observe the corresponding modes,
f0 = 3.58× 10−19 Hz
(
h
0.70
)
, (50)
feq = 1.57× 10−17 Hz
(
Ωmh
2
0.14
)
, (51)
fRH = 4.25× 10−1 Hz
(
T∗
107 GeV
)
, (52)
fPH = 1.93× 104 Hz
(
CRH
1.13
)(
R
0.41
λ
10−4
)1/6(
10−15 vB−L
5 GeV
)2/3(
T∗
107 GeV
)1/3
. (53)
Transfer function: For modes with wavenumbers well inside one of the three intervals
in Eq. (38), the transfer function Tk can be readily computed analytically. Approxi-
mating Tk by the ratio a (τk) /a0 (cf. Eq. (8)) and making again use of the Friedmann
equation as well as the conservation of the comoving entropy density for a aRH, one
obtains
Tk ' Ωr1/2
(
gk∗
g0∗
)1/2(g0∗,s
gk∗,s
)2/3
k0
k

1√
2
keq/k , k0  k  keq
1 , keq  k  kRH
√
2R1/2C3RH kRH/k , kRH  k  kPH
. (54)
As long as a mode with wavenumber k re-enters into the Hubble horizon during radi-
ation domination, gk∗ and g
k
∗,s denote the usual values of g∗(τ) and g∗,s(τ) at time τk.
On the other hand, during reheating and matter domination gk∗ and g
k
∗,s correspond to
gRH∗ and g
RH
∗,s as well as to g
eq
∗ and g
eq
∗,s, respectively. Inserting now our result for Tk in
Eq. (54) into Eq. (37), we arrive at the following expression for the energy spectrum of
the GWs from inflation, (see Fig. 2)
ΩGW(k) =
∆2t
12
Ωr
gk∗
g0∗
(
g0∗,s
gk∗,s
)4/3
1
2
(keq/k)
2 , k0  k  keq
1 , keq  k  kRH
2RC6RH (kRH/k)
2 , kRH  k  kPH
. (55)
Evidently, the energy spectrum ΩGW decreases like k
−2 at its edges and features a
plateau in its center. In the context of cosmological B−L breaking, the height of the
plateau is controlled by the coupling λ, which determines the self-interaction of the
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B−L breaking Higgs field, as well as by the B−L breaking scale (cf. Eqs. (25), (26)),
ΩplGWh
2 =
λ
72pi2
(
vB−L
MPl
)4
Ωrh
2
(
gk∗
g0∗
)(
g0∗,s
gk∗,s
)4/3
= 3.28× 10−22
(
λ
10−4
)(
vB−L
5× 1015 GeV
)4(
Ωr
8.5× 10−5
)
g¯k , (56)
where g¯k = (4gk∗/427)(427/(4g
k
∗,s))
4/3 is a ratio of energy and entropy DOFs. Note that
a further effect modifying the GW spectrum to a similar extent as the change of the
DOFs during radiation domination is a contribution to the stress energy tensor due to
freely streaming neutrinos, cf. Ref. [42]. Since this effect is only relevant for frequencies
below 10−10 Hz, i.e. outside the range accessible in near-future experiments, we omit it
in this paper.
In order to describe the two kinks in the energy spectrum at wavenumbers around
keq and kRH more accurately, let us rewrite the transfer function in Eq. (54) as
Tk = Ωm
(
gk∗
geq∗
)1/2(geq∗,s
gk∗,s
)2/3(
k0
k
)2
T1 (k/keq)T2 (k/kRH) , (57)
where T1 and T2 denote two auxiliary transfer functions accounting for the transition
from matter to radiation domination and from radiation domination to reheating, re-
spectively. We have determined both functions numerically by solving the equation of
motion for the Fourier modes ϕAk in appropriate k ranges. Our numerical results are
reasonably well described by the two fit functions
T1(x) ' c(0)1
(
1 + c
(1)
1 x+ c
(2)
1 x
2
)+1/2
, c
(0)
1 ' 0.73 , c(1)1 ' 1.64 , c(2)1 ' 3.87 , (58)
T2(x) '
(
1 + c
(1)
2 x+ c
(2)
2 x
2
)−1/2
, c
(1)
2 ' −0.38 , c(2)2 ' 1.04 . (59)
At first sight, it might appear surprising that we obtain a coefficient c
(0)
1 different
from 1. This is, however, merely a consequence of our decision to approximate Tk by
a (τk) /a0 in our analytical calculation. Alternatively, we could have also determined Tk
directly in terms of the analytical solution of the mode equation for modes re-entering
the Hubble horizon during matter domination. Instead of Eq. (57), the starting point
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of our numerical computations would then have been [15],8
Tk = Ωm
(
gk∗
geq∗
)1/2(geq∗,s
gk∗,s
)2/3(
3j1(2k/H0)
2k/H0
)
T1 (k/keq)T2 (k/kRH) , (60)
where j1 denotes the spherical Bessel function of the first kind of order 1. In the limit of
a large argument, j1(x) is well approximated by 1/x. By comparing Eqs. (57) and (58)
with Eq. (60), the coefficient c
(0)
1 can hence be identified with the factor 3/4 multiplying
(k/H0)
−2 in the large-k limit. By contrast, the coefficient c(1)1 is inaccessible by ana-
lytical calculations. It is slightly larger than the value usually given in the literature,
c
(1)
1 ' 1.57 [18], which is mainly due to our slightly larger reference wavenumber keq,
cf. Eq. (41). The same is true for c
(2)
1 , which is often given as c
(2)
1 ' 3.42 [18]. Analyt-
ically, the product
[
c
(0)
1
]2
c
(2)
1 is expected to be exactly 2, which is well reproduced by
our numerical results,
[
c
(0)
1
]2
c
(2)
1 ' 2.05 (cf. Eq. (55)).
The authors of Ref. [18] also compute the transfer function T2 for the particular case
of reheating via ordinary inflaton decay. The coefficients in their fit function, c
(1)
2 '
−0.32 and c(2)2 ' 0.99, are very close to our numerical results, which illustrates that the
kink in the GW spectrum at k = kRH turns out to have the same shape, regardless of
whether reheating proceeds as in our case or as in the standard scenario. The reason
for this insensitivity is clear: the shape of the GW spectrum is solely controlled by the
evolution of the scale factor a(t), which, in turn, remains qualitatively unaffected when
reheating via the decay of non-relativistic inflaton particles into arbitrary relativistic
DOFs is traded for reheating via the decay of non-relativistic B−L Higgs bosons into
relativistic (s)neutrinos, cf. Appendix A. As discussed below Eq. (48), it is rather the
position of the kink and its dependence on the reheating temperature that distinguishes
between reheating via inflaton decay and reheating after cosmological B−L breaking.
In Sec. 8, we will explore this connection between kRH and the temperature of the
thermal bath at different times in more detail.
Before concluding this section, we finally remark that analytically the coefficient
c
(2)
2 is expected to correspond to (2RC
6
RH)
−1 ' 0.59 (cf. Eq. (55)). We have checked
explicitly that the discrepancy between this expectation and our numerical result can
8This is the expression for Tk usually given in the literature (see e.g. Ref. [18]), except for the fact
that in our expression gk∗ and g
k
∗,s are divided by g
eq
∗ and g
eq
∗,s, while they are divided by g0∗ and g
0
∗,s in
the standard expression. Our result thus coincides with the one in the literature in the case of massless
neutrinos and is smaller than the standard result by a factor of
(
g0∗/g
eq
∗
)1/2 ' 0.77 in the case of three
non-relativistic neutrino species in the present epoch.
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be entirely attributed to the uncertainty of our analytical calculation related to the
fact that we approximate Th by the ratio of the scale factor a(τk)/a0. The deviation
of
[
c
(2)
2
]1/2
from (2RC6RH)
−1/2 ' 0.77 is hence at the same level as the deviation of
c
(0)
1 from 1. This implies that, for modes entering the Hubble horizon during matter
domination, the approximation Tk ≈ a(τk)/a0 apparently overestimates the actual value
of the transfer function by roughly 20 % to 30 %. At the same time, as evident from
the numerical result for
[
c
(0)
1
]2
c
(2)
1 , we find good agreement between our numerical
and our analytical calculation for modes entering the Hubble horizon during radiation
domination.
5 Gravitational Waves from Preheating
As mentioned in Sec. 3, the phase transition at the end of hybrid inflation is accompa-
nied by a non-perturbative process called tachyonic preheating [6]. The B−L Higgs field
develops a tachyonic mass, which leads to an exponential growth of its long-wavelength
fluctuations around its vacuum expectation value (vev). This process results in the
conversion of nearly all of the vacuum energy of inflation into non-relativistic Higgs
particles, while at the same time leading to a non-vanishing vev of the B−L Higgs
field and hence a breaking of the U(1)B−L symmetry accompanied by the formation
of cosmic strings. The process is rather rapid and violent, involving the collision of
‘bubble’-like structures with different Higgs vevs and hence leads to the production of
GWs [5].
The process of tachyonic preheating forms a classical, sub-horizon source for GWs
which is active only for a short time. The resulting GW spectrum can be obtained by
calculating the solution to the mode equation, Eq. (17), and inserting it into Eq. (9)9.
The anisotropic stress tensor Πij entering Eq. (17) is determined by the dynamics of
preheating and vanishes after the end of preheating, allowing the GWs to propagate
freely for τ  τPH. The remaining challenge is thus to calculate Πij during preheating.
This task can be performed numerically, see e.g. Ref. [24] for a detailed description of the
method and an application to preheating after chaotic inflation as well as Ref. [25] for
an application to tachyonic preheating after hybrid inflation. The following discussion
will be based on analytical estimates supported by the results of these simulations [5,
9Note that Eq. (18) cannot be employed here, because translational invariance does not hold for
the scales we are interested in during the preheating phase governed by bubble collisions.
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24, 25, 43].
GWs from tachyonic preheating are expected to yield a spectrum which is strongly
peaked at a typical (physical) scale RPH associated with the preheating process. The
corresponding comoving wave number describing the position of this peak in today’s
spectrum is readily obtained by redshifting this scale,
kPH = aPH R
−1
PH =
aPH
aRH
aRH
a0
R−1PH a0 =
aPH
aRH
D−1/3
(
g0∗,s
gRH∗,s
)1/3
T 0γ
TRH
R−1PH a0 , (61)
with D accounting for the deviation from an adiabatic expansion after aRH, see Eq. (43).
The corresponding amplitude of the GW spectrum can be estimated by using the
picture of bubble collisions, which implies that the fraction of energy converted into
GWs at preheating is given by ρGW/ρc ∼ (RPHHPH)2 [24]. This quantity corresponds
to the integrated GW wave spectrum (cf. Eq. (10)),∫ ∞
−∞
d ln k ΩGW(k, τ) =
ρGW(τ)
ρc(τ)
. (62)
Hence, for a strongly peaked spectrum, we can estimate the amplitude of this peak at
τ = τPH as
ΩPHGW(kPH) ' cPH(RPHHPH)2 . (63)
Here cPH is a model dependent numerical factor, e.g. cPH = 0.05 for the model con-
sidered in Ref. [5]. Analogously to the stochastic GW background from inflation, this
result can be redshifted to today (cf. Eqs. (37) and (54)), yielding
ΩGW(kPH)h
2 ' cPH (RPHHPH)2 aPH
aRH
Ωrh
2 g
RH
∗
g0∗
(
g0∗,s
gRH∗,s
)4/3 (
2C3RHR
)
' 1.5× 10−5 cPH (RPHHPH)2 aPH
aRH
(
Ωrh
2/g0∗
1.237× 10−5
)
.
(64)
Estimating HPH, RPH and aPH/aRH in the context of our model, Eqs. (61) and (64)
enable us to predict the characteristic features of the GW spectrum due to preheating.
Tachyonic preheating is a very rapid process, and we can therefore to very good
approximation express HPH as the Hubble parameter at the end of inflation,
HPH ' Hinf =
(
λ
12
)1/2 v2B−L
MPl
. (65)
An estimate of RPH can be obtained by studying the preheating process. For tachyonic
preheating associated with the breaking of a local U(1) symmetry, there are two typical
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scales, one associated with the dynamics of the scalar field, cf. Ref. [25], and the other
associated with the presence of the gauge field, cf. Ref. [44]. For the former, there are
two distinct possibilities, depending on what triggers the onset of tachyonic preheating:
the inflaton crossing the critical point with a significant velocity or quantum diffusion,
triggered by the growth of quantum fluctuations around the critical point of the scalar
potential. For the range of model parameters of interest here (cf. Ref. [9]), the inflaton
velocity is the parameter governing the onset of preheating and hence [25](
R
(s)
PH
)−1
= (λ vB−L |φ˙c|)1/3 = 0.15λ5/6 v2/3B−LM1/3Pl . (66)
The typical scale associated with the gauge field is given by the mass mZ of the gauge
boson [44], (
R
(v)
PH
)−1
∼ mZ = 2
√
2 g vB−L . (67)
We now exploit the equation of state of the universe during reheating, which implies
aPH
aRH
= CRH
(
HRH
HPH
)2/3
, (68)
with HPH given by Eq. (65) and CRH as introduced below Eq. (49). The Hubble rate
at aRH is approximately equal to the decay rate of the non-relativistic particles of the
Higgs sector, HRH ' 0.58 Γ0S, cf. Eq. (29) and Appendix A. For the parameter point
quoted below, cf. Eq. (71), this implies aPH/aRH ' 2 × 10−6. Using the Friedmann
equation and αRH as defined in Sec. 4, this implies
TRH = 0.76 α
−1/4
RH
(
90
pi2gRH∗
)1/4√
ΓSMPl . (69)
With this, the positions and amplitudes of the peaks in the GW spectrum associated
with preheating are given by
f
(s)
PH ' 6.3× 106 Hz
(
10−11M1
GeV
)1/3(
5 GeV
10−15 vB−L
)2(10−13mS
3 GeV
)7/6
,
Ω
(s)
GW
(
f
(s)
PH
)
h2 ' 3.6× 10−16 cPH
0.05
(
10−11M1
GeV
)4/3(
5 GeV
10−15 vB−L
)−2(10−13mS
3 GeV
)−4/3
,
f
(v)
PH ' 7.5× 1010 Hz g
(
10−11M1
GeV
)1/3(
10−13mS
3 GeV
)−1/2
,
Ω
(v)
GW
(
f
(v)
PH
)
h2 ' 2.6× 10−24 1
g2
cPH
0.05
(
10−11M1
GeV
)4/3(
5 GeV
10−15 vB−L
)2(10−13mS
3 GeV
)2
, (70)
where we have used CRH = 1.13 and R = 0.41, cf. Sec. 4, and set D = 2 and αRH = 2,
cf. Appendix C. Note that f
(s)
PH and f
(v)
PH are related to microscopic quantities of the
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preheating process and are therefore much larger than the frequency fPH, cf. Eq. (53),
which is the relevant quantity for inflation, determined by the Hubble parameter at
preheating.
In Fig. 2, we depict the peaks of the GW spectrum due to preheating (in red) for
cPH = 0.05 and a typical parameter point,
g2 = 1/2 , vB−L = 5× 1015 GeV , M1 = 1011 GeV , mS = 3× 1013 GeV , (71)
together with the contributions from inflation (cf. Sec. 4) and from AH cosmic strings
(cf. Sec. 6). The frequencies and corresponding amplitudes of the two peaks are given
by Eq. (70). The shape of the peaks in Fig. 2 is parametrized by
Ω
(i)
GWh
2 = Ω
(i)
GW
(
f
(i)
PH
)
×
(
f
f
(i)
PH
)2
Exp
[
1−
(
f/f
(i)
PH
)2]
, (72)
with i = s, v; this is motivated by the results found in Ref. [5] for the scalar peak. We
do stress however that for the purpose of this paper, we are mainly interested in the
position of the peaks. A precise quantitative description of the shape of the spectrum at
these frequencies, in particular for the peak corresponding to the vector boson, requires
a more detailed study.
6 GWs from the Cosmic String Network
in the Abelian Higgs Model
So far, we have discussed the gravitational wave spectrum due to inflation and due to
the processes accompanying tachyonic preheating. We now discuss a third source, the
emission of GWs from cosmic strings in the scaling regime. Cosmic strings are produced
during the B−L breaking phase transition ending inflation. As the universe evolves,
the cosmic string network enters into a scaling regime, i.e. the characteristic scale of
the string network remains constant relative to the horizon size H−1. This entails a
constant fraction of energy stored in the cosmic string network and thus a continuous
emission of energy, which occurs at least partly in the form of GWs. In this section,
we review the calculation of the resulting GW background in the Abelian Higgs (AH)
model following Ref. [20]. An alternative approach, based on the Nambu-Goto (NG)
model of cosmic strings will be discussed in Sec. 7.
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Starting point of this discussion is Eq. (19), which, for a classical, sub-horizon
source, connects the GW spectrum to the unequal time correlator of the source. For a
scaling network of cosmic strings in the AH model, we can now proceed and evaluate
this expression by exploiting general properties of the unequal time correlator of a
scaling source discussed in Ref. [45]. Introducing the dimensionless variable x = kτ ,
one can express Π2(k, τ, τ ′) as
Π2(k, τ, τ ′) =
4v4B−L√
ττ ′
CT (x, x′) , (73)
where CT (x, x′) is essentially local in time [45],
CT (x, x′) ∼ δ(x− x′)C˜(x) . (74)
As the numerical simulation in Ref. [45] shows, C˜ is a function that falls off rapidly for
x 1, i.e. for modes well inside the horizon. Inserting Eqs. (73) and (74) into Eq. (19)
yields
ΩGW(k) =
k2
3pi2H20a
2
0
(
vB−L
MPl
)4 ∫ x0
xi
dx
a2(x/k)
a20 x
C˜(x) . (75)
As a result of the rapid decrease of C˜(x) for x  1, this integral is dominated by its
lower bound and basically insensitive to the upper bound for x0  xi & 1,∫ x0
xi
dx
a2(x/k)
a20 x
C˜(x) '
∫ ∞
xi
dx
a2(x/k)
a20 x
C˜(x) . (76)
For scales which entered the Hubble horizon after the B−L phase transition, xi = k τk is
an O(1) constant. Hence, the k-dependence of Eq. (76) can be traced back to a(x/k).
For radiation domination, we have a(τ) ' √ΩrH0τa20, where we have neglected the
change in the effective number of DOFs. This yields∫ ∞
xi
dx
a2(x/k)
a20 x
C˜(x) ' ΩrH
2
0a
2
0
2k2
F r , (77)
where F r is a constant, and therefore a flat spectrum, ΩGW ∝ k0. On the other hand,
for matter domination one has a(x/k) ∝ k−2, which yields ΩGW ∝ k−2.
For scales which entered the horizon at very early times before the cosmic string
network reached its scaling regime, the lower boundary in Eq. (76) refers to the on-
set of scaling, thus becoming larger than one would expect without taking this effect
into account. Note that xi is now also k-dependent. The qualitative effect of this
is a suppression of the spectrum at these frequencies. However, in the model we are
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discussing here we expect scaling to set in well before the end of reheating, and hence
this effect only influences the spectrum at very large frequencies which are currently
experimentally inaccessible. We will thus omit it in the following discussion.
In summary, we can express today’s spectrum of GWs from a scaling network of
cosmic strings as10
ΩGW(k) ' ΩplGW

(keq/k)
2, k0 < k < keq
1, keq < k < kRH
(kRH/k)
2, kRH < k < kPH
. (78)
Here keq, kRH and kPH are given by Eqs. (41), (45) and (53), and the amplitude of the
plateau ΩplGW can be estimated using the result of the numerical simulations in Ref. [20],
ΩplGWh
2 =
1
6pi2
F r
(
vB−L
MPl
)4
Ωrh
2
= 4.0× 10−14 F
r
F rFHU
(
vB−L
5× 1015GeV
)4(
Ωrh
2
4.2× 10−5
)
,
(79)
where F rFHU = 4.0 × 103 is the numerical constant determined in Ref. [20] for global
cosmic strings. The corresponding constant for local strings is expected to have the
same order of magnitude [46].
Eq. (78) strikingly resembles the result found for the stochastic GW background
from inflation, cf. Eq. (55), up to an overall normalization factor, cf. Fig. 2. Note,
however, that the origin is quite different. In the case of inflation, the GWs can be
traced back to vacuum fluctuations of the space-time metric which remain frozen outside
the horizon. After horizon re-entry, they propagate according to the source-free wave
equation in FRW space. The amplitude of the resulting stochastic background today is
determined only by the redshift of these modes after entering the horizon. On the other
hand, the GWs from cosmic strings stem from a classical source, which is active until
today. Only the nature of the unequal time correlator, with its rapid decrease for x 1,
effectively removes the impact of the source when the corresponding mode is well within
the horizon. In more physical terms, this implies that the dominant source for GWs
10Note that in Eq. (78), the normalization of the ‘1/k2-flanks’ was obtained by matching to the
plateau value for k = kRH and k = keq, respectively. However, since close to these points the domi-
nant component is not much larger than the other components, a more detailed knowledge of C˜(x) is
necessary to determine the spectrum at these points. This could lead to a slight shift in the normal-
ization of the ‘flanks’, see also Eq. (55).
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Figure 2: GW spectrum today due to inflation (gray), preheating (red) and AH cosmic strings (black)
for M1 = 10
11 GeV, vB−L = 5 × 1015 GeV and mS = 3 × 1013 GeV. f0, feq, fRH and fPH denote
the frequencies associated with a horizon sized wave today, at matter-radiation equality, at reheating
and at preheating, respectively. f
(s)
PH and f
(v)
PH denote the positions of the peaks in the GW spectrum
associated with the scalar and the vector boson present at preheating. The dashed segments in the
spectrum indicate the uncertainties due to the breakdown of the analytical approximations. The GW
spectrum from inflation is based on the analytical approximations as well as the numerical values for
the transfer function, cf. Eqs. (55), (58), and (59); the ‘steps’ in the plateau are determined by the
changes in the number of DOFs at the QCD scale and at a SUSY scale of 1 TeV. The GW spectrum
from preheating is given by Eqs. (70) and (72), with cPH = 0.05 and g
2 = 1/2. The GW spectrum
from AH cosmic strings is determined by Eqs. (78) and (79), with F r = F rFHU.
from AH cosmic strings are Hubble-sized structures of the cosmic string network. This
explains why the wavenumbers associated with the horizon at aRH and aeq play crucial
roles in the GW spectrum from cosmic strings, although the GW modes associated
with cosmic strings never actually ‘cross’ the horizon. For cosmic strings the height
of the plateau is enhanced by a very large numerical factor. On the contrary, GWs
from inflation are suppressed by a small Yukawa coupling. This explains the enormous
difference in amplitude between GWs from inflation and cosmic strings.
Note that, contrary to inflation, the height of the plateau for the GW background
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from cosmic strings does not directly translate into a tensor contribution to the CMB
scalar power spectrum. This can be traced back to the very different mechanism respon-
sible for generating GWs in inflation and from cosmic strings, in particular concerning
correlation properties on super-horizon scales. Determining the effect of GWs from
cosmic strings on the CMB requires a specific numerical simulation [19, 35].
7 GWs from Cosmic String Loops
in the Nambu-Goto Model
Calculating the spectrum of gravitational waves produced by cosmic strings is a very
difficult task due to the huge range of length and energy scales involved [19, 47]. A
lot of important work has been done in the case of global as well as local strings in
both the Abelian Higgs (AH) model and the Nambu-Goto (NG) model. The former
treats cosmic strings in a field theory setup and is based on solving the equations of
motion of a U(1) field theory. In this case the string width is found to be governed
by the Higgs mass. The latter on the other hand approximates cosmic strings as one-
dimensional objects, i.e. as infinitely thin strings. Numerical simulations have been
carried out for both the AH [48–51] and the NG model [52–55] for the initial phase
after string formation. In the AH setup, it has been shown how AH strings approach
the scaling regime by radiating scalar and vector bosons. However, the time range over
which AH strings can be simulated is limited, and predictions for the time evolution of
the network depend on additional assumptions. On the contrary, in the NG setup, the
scaling regime is reached by the formation of string loops, which lose energy and shrink
by emitting GWs. Consequently, the resulting network of Hubble-sized cosmic strings
is similar in AH and NG simulations (leading to similar predictions for anisotropies in
the CMB), but there are serious discrepancies and a number of unresolved problems
concerning the production of cosmic strings, the time evolution of the string network
and the dominant energy loss mechanism of cosmic strings.
In particular the last point has quite dramatic consequences for the expected GW
background. Since, by assumption, NG strings do not radiate massive or massless
particles, their contribution to the GW background is much larger than the contribution
from AH strings. After having studied the GW background obtained from the cosmic
string network in Sec. 6, we will now turn to the additional contribution due to the
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decay of cosmic string loops in the NG model.11 One may expect that sufficiently long
strings, whose width is small compared to the curvature radius, are described by the
NG action for elementary strings. Comparing both results will yield an estimate of the
theoretical uncertainties involved.
The theory of GW emission by NG strings has been developed in Refs. [21, 22]. In
the following we extend the discussion in Ref. [23] to our model. The time evolution
of the NG string network is determined by the three parameters Γ, α and p [19]. They
describe the total energy loss rate
d
dt
E = ΓGµ2 , (80)
with Γ = O(50), the average size of loops at the time ti of formation, characterized by
the parameter α, which yields for the total length at time t,
l(t, ti) = αti − ΓGµ(t− ti) , (81)
and the reconnection probability p of crossing strings, with p = 1 for field theory strings.
The lifetime of a loop formed at time ti is τloop(ti) = t|l=0 − ti = αti/(ΓGµ). We shall
restrict our discussion to the case of short-lived string loops, with τloop(ti)  ti, i.e.
α ΓGµ.
The value of the parameter α, i.e., the size of string loops at formation, is still a
matter of debate and in the literature values ranging from 0.1 to 10−16 are consid-
ered (see, e.g., Refs. [19, 23, 55, 57]). Following Refs. [19, 23], we treat α as a free
parameter. As we shall see in Sec. 9, the rather large values found in the numerical
simulations in Ref. [55] would be inconsistent with constraints from millisecond pulsar
timing measurements for the model under consideration.
Given α and assuming that in the scaling regime the string network only loses
energy by gravitational radiation, one can derive an expression for the rate R at which
an observer detects GWs with frequency f and amplitude h, emitted at redshift z [23],
d2R
dzdh
(f, h, z) ' 3
4
θ2m
(1 + z)(α + ΓGµ)h
1
αγ2t4(z)
dV (z)
dz
Θ(1− θm) . (82)
Here the beaming angle θm of the GW burst depends on the loop size l and the GW
11In particular, we focus here on GWs from ‘cusps’ on cosmic string loops, which form the dominant
contribution for NG strings. Further, subdominant contributions are expected from ‘kinks’ on cosmic
string loops [21, 22], kinks on infinite strings [56] as well as from the string network.
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amplitude h,
θm(f, l, z) = ((1 + z)fl)
−1/3 , (83)
l(f, h, z) =
(
(1 + z)1/3
hr(z)f 4/3
κGµ
)3/2
, (84)
h(f, l, z) =
κGµl
((1 + z)fl)1/3fr(z)
, (85)
with κ ' 2.7 a numerical constant; γ = ξ/t is the ratio of the correlation length
ξ ∝ H−1 of the string network divided by the cosmic time, with γ2r ' 0.1 and γ2m ' 0.3
for radiation domination and matter domination, respectively, cf. Ref. [23]. The step
function provides a low-frequency cutoff for the emitted burst, f > 1/(l(1 + z)). The
distance r(z) to the emitting string loop, the time t(z) of emission and the change of
volume with redshift are given by
r(z) =
∫ z
0
dz′
H(z′)
=
1
H0
ϕr(z) , (86)
t(z) =
∫ ∞
z
dz′
(1 + z′)H(z′)
=
1
H0
ϕt(z) , (87)
dV
dz
=
1
H30
ϕV (z) , ϕV (z) =
4piϕ2r(z)
(1 + z)3
H0
H(z)
. (88)
The spectral amplitude of the GW background is now obtained by integrating the
rate over all redshifts and GW amplitudes [23],
ΩGW(f) =
2pi2f 3
3H20
∫ h∗
0
dh
∫ zPH
0
dzh2
d2R
dzdh
. (89)
Here zPH is the maximal redshift given by the time of preheating. Amplitudes smaller
than h∗ corresponds to bursts that are detected within time intervals smaller than their
oscillation period. Bursts with larger amplitudes cannot be resolved and are therefore
not counted [22]. The maximal GW amplitude depends on the frequency and is defined
by the condition ∫ ∞
h∗
dh
∫ zPH
0
dz
d2R
dzdh
= f . (90)
In order to understand the parameter dependence of the GW spectrum it is in-
structive to evaluate the integral in Eq. (89) approximately analytically. Details of this
calculation are described in Appendix B. In the different epochs after preheating, i.e.
early matter domination, radiation domination, matter domination and Λ-domination,
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Figure 3: Contributions from different epochs to the GW spectrum for NG strings for α = 10−6;
Gµ = 2.0 × 10−7 as obtained e.g. by the parameter choice in Eq. (71). fc, f (NG)eq , f1, f2 and f (NG)RH
mark the bounding values of the intervals calculated in Eq. (94). f3 ' 2.5 × 1039 Hz is outside the
physically relevant frequency range.
bounded by the redshifts zPH > zRH > zeq > zΛ > 0, one easily finds approximate
expressions for the integrand, starting from
H(z)
H0
'

√
ΩΛ + Ωm(1 + z)3 + Ωr(1 + z)4 , 0 < z < zRH
(HRH/H0)((1 + z)/(1 + zRH))
3/2 , zRH < z < zPH
, (91)
where we have neglected the change in the DOFs. For each epoch the integration has
to be carried out in a range zc < z < zm, which is determined by the requirement
to have small enough string loops and large enough frequencies: l(f, h, z) ≤ αt(z)
and θm(f, l, z) ≤ 1. The inequalities are saturated at zc and zm, respectively. For a
given frequency f , the restricted range in z leads to lower and upper bounds on the
amplitude h. Taking also the general upper bound h∗ into account, one obtains for each
epoch a frequency range in which GWs are emitted: fc < f < f1 for Λ-domination,
fc < f < f2 for matter domination, f
(NG)
eq < f < f3 for radiation domination and
f3 < f < f
(NG)
PH for the first matter dominated phase. The frequencies fi satisfy the
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relations (f¯i = αfi/H0),
f¯c = Ω
1/2
m < f¯
(NG)
eq =
Ωm
Ω
1/2
r
< f¯1 = ζ Ω
11/10
m < f¯2 = ζ
Ω
11/5
m
Ω
11/10
r
< f¯
(NG)
RH = Ω
1/2
r (1 + zRH) < f¯3 = ζ Ω
11/10
r (1 + zRH)
11/5 ,
(92)
where
ζ =
(
3pi2ϕ20
γ2ΓGµ
)3/5
, (93)
and the constant ϕ0 is defined in Eq. (136). The frequencies fc, f
(NG)
eq and f
(NG)
RH
essentially agree, up to a factor 1/α, with the corresponding frequencies defined in
Sec. 4 (cf. Eqs. (41) and (45))12.
Using the described approximations for the integrand d2R/(dzdh), one obtains after
a straightforward calculation, cf. Appendix B, the GW spectral amplitude
ΩGW(f)
ΩplGW
'

γ2r
γ2m
(
1
5
Ω
5/3
m
Ωr
+
32
25
Ω
7/6
m
Ωr
)(
H0
αf
)1/3
, fc < f < f1
32
25
(
6piϕ20
γ2mΓGµ
) 5
11 γ2r
γ2m
Ω2m
Ωr
(
H0
αf
) 12
11
, f1 < f < f2
1 , f
(NG)
eq < f < f
(NG)
RH(
1 +
32
25
γ2r
γ2m
)
Ω
1/6
r (1 + zRH)
1/3
(
H0
αf
)1/3
, f
(NG)
RH < f < f3
32
25
(
6piϕ20
γ2mΓGµ
)5
11 γ2r
γ2m
Ω2m
Ωr
(1 + zRH)
2
(
H0
αf
) 12
11
, f3 < f
, (94)
where the height of the plateau is given by
ΩplGWh
2 =
5pi3κ2Gµ
Γγ2r
Ωrh
2 = 5× 10−9
(
Gµ
5× 10−7
)(
Ωrh
2
4.2× 10−5
)
. (95)
The various contributions are displayed in Fig. 3. In the frequency interval fc < f < f1
the contribution from matter domination (second term in the parenthesis) dominates
over the one from vacuum domination. The frequency intervals f1 < f < f2 as well as
f
(NG)
eq < f < f
(NG)
RH receive contributions only from a single epoch, matter domination
and radiation domination, respectively. In the frequency interval f
(NG)
RH < f < f3
radiation domination and early matter domination contribute, and for f3 < f only
early matter domination is relevant. For small values of α, this last interval can be
neglected since the frequencies exceed f
(v)
PH, the maximally possible frequency for a
vortex of finite width.
12For simplicity, we have neglected small changes of the equation of state during the various epochs
in this section. The difference between fc and f0 is due to the approximation (134) for ϕt(z).
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Figure 4: Comparison of the GW spectra predicted by AH strings and NG strings for two values of
α. The AH curve is obtained as in Fig. 2, for the NG curves Gµ = 2.0× 10−7, cf. Fig. 3.
In Fig. 4 the predictions for the GW spectrum of AH strings and NG strings are
compared for two different values of α. In both approaches the radiation dominated
epoch leads to a plateau for intermediate frequencies. Compared to AH strings the
boundaries are shifted to higher frequencies by a factor 1/α for NG strings. This is
due to the fact that the maximal loop size αti is shorter that the horizon size ∼ ti
when the string loops are formed. Also the frequency dependence for small and large
frequencies is different, again a consequence of the different mechanisms of gravitational
radiation. Most striking is the difference in normalization by five orders of magnitude!
The reason are the different assumptions on how the string network loses energy and
stays in the scaling regime. Whereas the energy loss of AH strings is mainly due to
massive radiation, NG strings dump all their energy into GWs. Hence, these two cases
provide lower and upper bounds on the GW background produced by cosmic strings,
and it is conceivable that the true answer corresponds to intermediate values. To find
the answer to this important question is clearly a theoretical challenge!
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8 Probing the Temperature during Reheating
The transition between matter domination and radiation domination during reheating
may result in a characteristic kink in the GW spectrum at a frequency fRH (cf. Eq. (52)),
or correspondingly at a wavenumber kRH (cf. Eq. (48)). As we have seen in Secs. 4, 6
and 7, at wavenumbers around k = kRH, the GW spectrum receives contributions from
the GWs amplified during inflation as well as from the GWs emitted by cosmic strings.
Here, the stochastic GW background originating from inflation always features a kink
at k = kRH. Its shape is accurately described the transfer function T2 (cf. Eq. (58))
which we determined by means of a numerical calculation in Sec. 4. The amplitude
of the entire stochastic GW background is, however, heavily suppressed by the small
value of the Yukawa coupling λ (cf. Eq. (56)), rendering the inflationary signal clearly
subdominant to the amplitude of the GWs produced in the decay of cosmic strings.
Whether or not an observable kink is present in the GW spectrum at k = kRH, hence,
depends on the nature of the cosmic strings.
In Sec. 6 we found that the decay of the AH string network induces a GW spec-
trum which is similar in shape to the inflationary GW background and which therefore
exhibits a kink around k = kRH as well. As opposed to this, no characteristic feature
in the GW spectrum seems to be associated with the wavenumber kRH in the case of
NG strings (cf. Sec. 7 and, in particular, Fig. 4). Since the reheating process represents
an arguably early stage in the evolution of the cosmic string network, the AH pic-
ture of strings of a non-negligible thickness likely still applies during reheating. Solely
based on this notion, we would, thus, expect a kink to appear in the GW spectrum
at k = kRH. At late times, cosmic strings are, however, likely best described by the
NG model, which predicts an additional contribution to the GW spectrum due to the
gravitational radiation from cosmic string loops. As we have seen in the previous sec-
tion, the GW bursts during the era of radiation domination are expected to yield a flat
spectrum exceeding the AH contribution by many orders of magnitude in large regions
of parameter space (cf. Fig. 4). In particular, the kink at k = kRH predicted by the AH
model might be obscured by the NG contribution to the GW spectrum.
In this section, we shall meanwhile assume that owing to a fortunate conjunction
of circumstances, i.e. a fortunate interplay of parameter values or some other effect
not accounted for in our analysis, the kink at k = kRH is not wiped out due to the
late-time contribution to the GW spectrum from cosmic string loops. As we expect the
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GW signal due to AH strings to exceed the inflationary background by many orders of
magnitude, this assumption then leads us to the exciting observation that future GW
experiments (cf. Sec. 9) might in fact be able to observe this kink in the GW spectrum
and hence directly probe the reheating process after inflation. In this section, we shall
now discuss the possible insights into the reheating process that one might gain from
measuring the position of the kink, i.e. from determining the wavenumber kRH.
In scenarios of reheating solely based on the decay of the inflaton φ, the wavenumber
kRH is typically estimated in terms of the inflaton decay temperature Tφ [18],
kRH '
(
g0∗,s
gRH∗,s
)1/3(
2gRH∗
g0∗
)1/2
Ωr
1/2 Tφ
T 0γ
k0 ' 1.95× 1014 Mpc−1
(
Tφ
107 GeV
)
, (96)
where Tφ is defined such that at T = Tφ the Hubble rate H has just dropped to the
value of the inflaton vacuum decay rate Γ0φ,
H(aφ) = Γ
0
φ , Tφ = T (aφ) . (97)
Studies estimating kRH as in Eq. (96) then often refer to Tφ as the ‘reheating tem-
perature’. Likewise, one may also relate kRH to the temperature at matter-radiation
equality during reheating, i.e. the temperature that we refer to as the reheating tem-
perature TRH. In the standard scenario of reheating, the temperature TRH is defined
such that
ρtot (aRH) = 2 ρφ (aRH) = 2 ρr (aRH) , TRH = T (aRH) . (98)
Consequently, it is only marginally smaller than Tφ and hence, instead of using Eq. (96),
one may equally estimate kRH as
kRH '
(
g0∗,s
gRH∗,s
)1/3(
2gRH∗
g0∗
)1/2
Ωr
1/2TRH
T 0γ
k0 ' 1.95× 1014 Mpc−1
(
TRH
107 GeV
)
. (99)
Quantitatively, Eqs. (96) and (99) surely represent reasonable estimates of the
wavenumber kRH. As apparent from our discussion in Sec. 4, they, however, miss
some crucial features of the reheating process on the conceptional side. In order to
obtain a more accurate estimate of kRH, one also has to take into account that at
a = aφ (or a = aRH) only a fraction (only half) of the total energy is contained in
radiation as well as that after a = aφ (or a = aRH) still some amount of entropy is
produced. This was the reason why, for our scenario of reheating, we introduced the
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correction factors αRH and D in Sec. 4. Recall that the appearance of the factors α
1/2
RH
and D−1/3 in Eq. (45) then gave rise to an effective kink temperature T∗ replacing Tφ
or TRH in our estimate for kRH (cf. Eq. (48)). The distinction between these different
temperatures is important since they potentially all exhibit different dependencies on
the fundamental parameters of the underlying particle physics model. Thus, if one is
to deduce information about particle physics parameters from a measurement of kRH,
it is of great importance to know exactly which temperature one is actually probing.
Having solved the full set of Boltzmann equations governing the reheating pro-
cess, we fortunately possess a detailed and time-resolved picture of the evolution of
the radiation temperature during reheating (cf. Fig. 1). This allows us not only to
derive a numerical estimate for kRH that is preciser than those in Eqs. (96) and (99)
(cf. Eq. (48)), but also to pinpoint to which temperature kRH is actually related con-
ceptionally. Put differently, we might say: typically, the reheating process is merely
characterized by only one temperature scale that roughly reflects the temperature evo-
lution during reheating, namely the reheating temperature TRH. By contrast, we are
now able to identify several key temperatures marking crucial points in the reheating
process, which enables us to obtain a much better understanding of the connection
between the kink in the GW spectrum and the temperature of the thermal bath during
reheating. At this point, it is important to note that the discussion in this section
does not rely on any particular details of our reheating scenario. Instead, it rather
applies to any scenario of reheating that is characterized by the successive decay of two
nonthermal species (corresponding to S and N1 in our scenario). The kink in the GW
spectrum in the context of a two-stage scenario of reheating has not been treated in
the literature before, which is why we dedicate an entire section to it.
Equipped with the three decay rates Γ0S, Γ
0
N1
and ΓSN1 introduced in Sec. 3 as well
as the energy densities of all species involved in the reheating process, we are able
to define several benchmark temperatures characterizing the temperature evolution
during reheating: the reheating temperature TRH, the would-be reheating temperature
T˜RH, the effective kink temperature T∗, the neutrino decay temperature TN , the B−L
Higgs decay temperature TS and the radiation domination temperature TR. The three
temperatures TRH, T˜RH and T∗ are closely related to the wavenumber kRH, which is why
we devote most of our attention to them in this section. By contrast, there is no direct
connection between kRH and any of the three remaining temperatures, TN , TS and TR.
On the other hand, TN , TS and TR also represent important benchmark temperatures,
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Figure 5: Evolution of the radiation temperature (upper panel) as well as of the B−L Higgs (S),
nonthermal (s)neutrino (Nnt1 ) and radiation (r) energy densities (lower panel) as functions of the
scale factor a for three different values of m˜1, with all other free parameters kept fixed, M1 = mS/300 =
1011 GeV, vB−L = 5 × 1015 GeV. The ratio ΓSN1(aRH)/Γ0S consequently takes the values 4.4 × 10−2,
2.1 × 100, 1.5 × 102 for m˜1 = 10−5, 10−3, 10−1 eV, respectively. The colored markers indicate the
values of the various benchmark temperatures defined in Sec. 8 as labeled in the upper panel.
37
which are all occasionally employed as ‘the reheating temperature’. We shall therefore
incorporate the temperatures TN , TS and TR into our discussion as well. Appendix C
provides more information on them, including their formal definitions. The differences
between all six benchmark temperatures as well as their dependencies on the effective
neutrino mass m˜1 are illustrated in Fig. 5. Here, the values of m˜1 are chosen as to show
how the hierarchy among the various temperatures changes when the ratio of the two
decay rates ΓSN1 and Γ
0
S is varied between small and large values.
Reheating temperature: The physical scale corresponding to the wavenumber kRH,
which marks the position of the kink in the GW spectrum, enters the Hubble horizon
at a = aRH, when only half of the total energy is still accounted for by non-relativistic
B−L Higgs particles, while the other half is already contained in relativistic DOFs, i.e.
heavy nonthermal (s)neutrinos and thermal MSSM radiation (cf. Eq. (42)),
ρtot (aRH) = 2 ρS (aRH) = 2 [ρr (aRH) + ρN (aRH) + ρN˜ (aRH)] , TRH = T (aRH) .
(100)
In this paper, we refer to the temperature at this time as the reheating temperature
TRH. Note that in our reheating scenario, as opposed to the standard case (cf. Eq. (98)),
thermal radiation only makes up a fraction α−1RH <
1
2
of the total energy at a = aRH.
Would-be reheating temperature: The continuing decay of the B−L Higgs parti-
cles and heavy (s)neutrinos after a = aRH results in the production of further entropy,
which effectively dilutes the number densities of all species present during reheating.
This dilution may be quantified in terms of the factor D, which we introduced in
Eq. (43). By means of the factor D, we are also able to determine the would-be reheat-
ing temperature T˜RH = D
1/3 TRH (cf. Eq. (44) and the geometrical construction of T˜RH
in Fig. 5). Thanks to our semi-analytical computation of the scale factor as well as the
energy densities of relativistic and non-relativistic DOFs in Appendix A and employing
the Frogatt-Nielsen relation M1 = η
2mS, we are able to compute T˜RH as a function of
M1 without having to solve any Boltzmann equations numerically,
T˜RH ' 6.1× 109 GeV
(
M1
1011 GeV
)1.5
. (101)
As opposed to the actual reheating temperature, the would-be reheating tempera-
ture does not depend on m˜1, since it is insensitive to the details of the intermediate
stage of reheating at which a sizable fraction of the total energy is contained in heavy
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(s)neutrinos. Instead, it only depends on the asymptotic value of the temperature after
all heavy (s)neutrinos have decayed as well as on aRH/aPH (cf. Fig. 5), both of which,
as evident from the discussion in Appendix A, do not vary with m˜1.
Effective kink temperature: In our estimate for kRH (cf. Eq. (45)), the two correc-
tion factors αRH and D appear in the combination (αRH/2)
1/2D−1/3, which is the same
as R1/2D1/3 according to Eq. (46). Comparing our estimate to the standard expression
for kRH in terms of TRH, the temperature to which the wavenumber kRH is effectively
related, hence, turns out be T∗, the effective kink temperature, rather than TRH,
T∗ = R1/2 T˜RH = R1/2D1/3 TRH . (102)
The lower panel of Fig. 5 illustrates how the correction factor R can be constructed
geometrically from the energy density of the B−L Higgs particles at a = aRH and the
asymptotic value of the radiation energy density. As shown in Appendix A, the factor
R is a constant, R ' 0.41, such that T∗ ends up being proportional to T˜RH,
T∗ ' 3.9× 109 GeV
(
M1
1011 GeV
)1.5
. (103)
In Fig. 5, this step from T˜RH to T∗ corresponds to lowering the value of T˜RH by the
factor R1/2 in the upper panel, with R taken from the lower panel. Together with
Eq. (48), this result for the effective kink temperature now eventually provides us with
our master formula for the wavenumber kRH as a function of M1,
kRH ' 2.75× 1014 Mpc−1
(
T∗
107 GeV
)
' 1.1× 1017 Mpc−1
(
M1
1011 GeV
)1.5
. (104)
The wavenumber kRH, or correspondingly fRH, can be determined from a measure-
ment of the amplitude of the GW spectrum at two frequencies f−  fRH and f+  fRH
by means of the following relation,
fRH =
[
c˜
(2)
2
ΩGW(f+)
ΩGW(f−)
]1/2
f+ . (105)
Here, c˜
(2)
2 is the analogue of the coefficient c
(2)
2 ' 1.04 in the transfer function T2 (cf.
Eq. (58)) for the kink in the GW spectrum induced by the decay of the AH string
network. Its numerical value can, in principle, be computed from the function C˜ (cf.
Eq. (75) and Footnote 10). In absence of a more detailed knowledge of C˜, we however
only know that c˜
(2)
2 ought to be of O(1). A measurement of fRH would then allow us
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Figure 6: Neutrino decay temperature TN , radiation domination temperature TR and reheating
temperature TRH as functions of the effective neutrino mass m˜1 and the heavy (s)neutrino mass
M1 = η
2mS . The bounds on M1 marked by the gray horizontal lines derive from constraints on the
coupling constant λ imposed by the requirement of successful hybrid inflation and the upper bound
on the cosmic string tension (cf. Ref. [9]).
to infer the B−L Higgs decay rate Γ0S which, in the context of our Froggatt-Nielsen
flavour model, would be equivalent to determining the B−L Higgs mass mS and the
(s)neutrino mass M1,
mS ' 2.1× 1013 GeV
(
fRH
100 Hz
)0.67
, M1 ' 7.1× 1010 GeV
(
fRH
100 Hz
)0.67
. (106)
Again, we stress that these results are independent of m˜1 and, hence, independent of
the (s)neutrino decay rate Γ0N1 . In turn, had we relied on the assumption that kRH was
directly proportional to TRH instead of T∗, we would have erroneously arrived at the
conclusion that kRH would be a function of both neutrino masses, M1 and m˜1.
In order to determine the temperatures TN , TS, TRH and TR as functions of M1 and
m˜1, we have solved the set of Boltzmann equations governing the reheating process (cf.
Ref. [9]) for large ranges of M1 and m˜1 values. Fig. 6 shows our numerical results for
TN , TRH and TR. The temperature TS is always only slightly larger than TRH, which
is why it is not included in Fig. 6. For all of the four temperatures TN , TS, TRH and
TR, we are able to derive fit formulas reproducing our numerical results to very high
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Ti T
(−)
i,0 [10
9 GeV] p
(−)
i q
(−)
i T
(+)
i,0 [10
9 GeV] p
(+)
i q
(+)
i ci di
TN 9.4 1.25 0.25 2.9 1.2 0.3 36 0.46
TS 5.6 1.5 0.0 3.1 1.3 0.2 300 3.0
TRH 4.8 1.5 0.0 3.0 1.3 0.2 170 1.7
TR 4.7 1.5 0.0 2.5 1.2 0.3 170 1.7
Table 1: Numerical values to be used in the fit formulas for TN , TS , TRH and TR in Eq. (107).
precision. These fit formulas can all be brought into the following form,
Ti ' min
{
T
(−)
i , T
(+)
i
}
'
T
(−)
i ; y & ci ⇔ yi & di
T
(+)
i ; y . ci ⇔ yi . di
, i = N, S, RH, R , (107)
with the temperatures T
(−)
i and T
(+)
i being simple power laws,
T
(−)
i ' T (−)i,0
(
M1
1011 GeV
)p(−)i ( m˜1
10−2 eV
)q(−)i
, (108)
T
(+)
i ' T (+)i,0
(
M1
1011 GeV
)p(+)i ( m˜1
10−4 eV
)q(+)i
. (109)
The quantity y in Eq. (107) denotes the ratio of the two decay rates Γ0N1 and Γ
0
S,
y =
Γ0N1
Γ0S
=
8 m˜1
mS
(
vB−L
vEW
)2 [
1− 4η2]−1/2 ' 2200( m˜1
10−2 eV
)(
1011 GeV
M1
)
. (110)
Similarly, yi is the ratio of the effective (s)neutrino decay rate Γ
S
N1
and the B−L Higgs
decay rate Γ0S evaluated at a = ai,
yi =
ΓSN1
Γ0S
∣∣∣∣
ai
= γ−1 (ai)
Γ0N1
Γ0S
= γ−1 (ai) y . (111)
The values of ci and di, T
(−)
i and T
(+)
i as well as of the powers p
(±)
i and q
(±)
i for each of
the four temperatures TN , TS, TRH and TR are summarized in Tab. 1.
Our numerical results lead us to two interesting observations:13
(1) In the case of fast decaying heavy (s)neutrinos, y & ci, the temperatures TS, TRH
and TR barely vary with m˜1. For large values of m˜1, they are, thus, proportional to the
13For further useful observations concerning the temperatures TN , TS , TRH and TR, cf. Appendix C.
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would-be reheating temperature T˜RH as well as the effective kink temperature T∗,
T∗(M1) ' 1
1.6
T˜RH(M1) ' 1
1.4
T
(−)
S (M1) '
1
1.2
T
(−)
RH (M1) '
1
1.2
T
(−)
R (M1) . (112)
These relations illustrate the numerical imprecision which one introduces when using
T˜RH, TS, TRH or TR instead of T∗ in order to estimate kRH. Obviously, the imprecision
always remains at a moderate level, which is mostly due to the temperature plateau
during reheating. But Eq. (112) also illustrates that T∗, T˜RH, TS, TRH and TR are
certainly not equivalent to each other and that it is important to distinguish between
them from a conceptional point of view.
(2) The temperatures TN , T
(+)
S , T
(+)
RH and T
(+)
R not only depend on M1, but also on
the effective neutrino mass m˜1. A mere measurement of the position of the kink in the
GW spectrum, i.e. a determination of the wavenumber kRH, would hence not suffice to
pinpoint the numerical values of these temperatures. Instead, all of them could still be
tuned by varying the heavy (s)neutrino decay rate. This is an important feature of our
reheating scenario that arises due to its two-stage nature, distinguishing it from the
ordinary scenario of reheating via inflaton decay.
As discussed in Ref. [9], the fact that the temperature evolution during reheating
also depends on m˜1 leads to a series of non-trivial relations between superparticle
masses and neutrino parameters. In combination with the possibility to determine M1
by measuring kRH, these relations partly turn into predictions rendering our scenario
testable in future experiments. Imagine, for instance, that dark matter consists of
gravitinos which are thermally produced during reheating. Assuming the mass of the
gravitino were known, a measurement of kRH via the observation of GWs would then
predict the value of m˜1. Vice versa, given the value of m˜1, a determination of kRH
would yield a prediction of the gravitino mass.
9 Observational Prospects
In Secs. 4 to 7, we discussed the GW background produced during the different stages of
a B−L phase transition in the early universe, namely during inflation, during tachyonic
preheating, and from cosmic strings in the scaling regime. Fig. 7 summarizes the
resulting GW spectrum of all these different sources for a representative parameter
point, see Eq. (71), and for α = 10−12. Additionally we show current bounds and the
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expected sensitivity of upcoming GW experiments, depicted by the solid and dashed
blue curves, respectively. These experiments can be grouped into three categories, see
e.g. Ref. [58] for a review: millisecond pulsar timing measurements (e.g. EPTA [59],
PPTA [31] and SKA [32, 60]) sensitive to GWs with a frequency of about 10−9 Hz,
space-based interferometers (e.g. BBO [28], DECIGO [29] and eLISA [30]) sensitive
at about 10−1 Hz and ground-based interferometers (e.g. (advanced) LIGO [26, 61],
ET [62], and KAGRA [63]) which are most sensitive at about 102 Hz. It should be
noted that in particular for the ground-based detectors the sensitivity is typically given
in terms of the strain h˜f , which is related to the amplitude ΩGW as [58]
ΩGWh
2 =
SNR
F
4pi2f 3
3(H0/h)2
h˜2f , (113)
with the sensitivity factor F = 2/5 for the ground-based interferometers and SNR
denoting the signal-to-noise ratio. Moreover, constraints on the effective number of
relativistic DOFs from BBN and the CMB yield an upper bound of ΩGWh
2 . 10−5 for
k > keq, with a weak dependence on the origin of the GW background, cf. Refs. [64, 65].
For further ideas of how to possibly probe the parameter space of Fig. 7 in the future,
see also Ref. [58] and references therein.
A clear message of Fig. 7 is that GWs from a GUT-scale U(1) phase transition
will be seriously probed by a number of upcoming experiments. Here, the dominant
contribution originates from cosmic strings in the scaling regime, cf. the black curves in
Fig. 7. However, at the same time, this is the contribution with the largest theoretical
uncertainty. Fig. 7 shows the predictions based on the AH cosmic string model as well
as on the NG model, cf. Secs. 6 and 7. In spite of the quite dramatic differences, it
is worth noting that in both cases, upcoming experiments are expected to reach the
sensitivity to probe the ‘plateau value’ for GUT-scale cosmic strings. Moreover, in both
cases it seems feasible that we might be able to measure a very interesting feature of
the spectrum. In the case of NG strings, the bend-over marking the transition from ra-
diation to matter domination, cf. Fig. 3, may be within range of planned satellite-based
experiments, depending on the parameter α. Note that for the large values obtained
by the simulations in Ref. [55] the model under consideration is in contradiction with
millisecond pulsar timing measurements. In the case of AH strings, the transition be-
tween an early matter dominated reheating phase and radiation domination has the
right frequency to possibly be within reach of future ground-based GW detectors, cf.
Sec. 8. Assuming that the actual signal from cosmic strings lies somewhere between
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Figure 7: Predicted GW spectrum and the (expected) sensitivity of current and upcoming experiments.
The GW spectrum due to inflation (gray), preheating (red) as well as AH and NG cosmic strings
(black) is shown for vB−L = 5× 1015 GeV, M1 = 1011 GeV, mS = 3× 1013 GeV, and α = 10−12, as
in Figs. 2 and 4. This corresponds to an effective kink temperature of T∗ = 3.9× 109 Gev, which, for
m˜1 = 0.04 eV, yields a reheating temperature of TRH = 4.9 × 109 GeV. The current bounds on the
stochastic GW spectrum from (1) millisecond pulsar timing (taken from Ref. [17], with (2) marking
the update from EPTA [59]) and (3) LIGO [66] are marked by solid blue lines. The dashed blue lines
mark the expected sensitivity of some planned experiments: (4) SKA [32], (5) ET [27], (6) advanced
LIGO (taken from Ref. [27]), (7) eLISA [30], and (8) BBO and DECIGO [67]. Note that with a
correlation analysis ultimate DECIGO has a sensitivity down to 10−18.
the AH and the NG prediction (or maybe can even be obtained by interpolating be-
tween the AH model at early times and the NG model at late times), it indeed seems
conceivable that future experiments will be able to probe one, or maybe even both, of
these features.
The GW background from inflation, depicted in gray in Fig. 7 is probably the best
understood cosmological source. However, as Fig. 7 shows, it is clearly subdominant
compared to the GW background from cosmic strings in hybrid inflation models, which
typically feature a very small tensor-to-scalar ratio, cf. Eq. (26). Nevertheless, a precise
understanding of the GW background from inflation is crucial for two reasons: First,
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although their origin is very different, both the AH string and the inflationary GW
spectrum are governed by the respective Hubble-sized modes throughout the expansion
history, see discussion at the end of Sec. 6. Hence the kink marking the transition
between an early matter dominated reheating phase and radiation domination occurs
at the same frequency in both spectra. So although the shape of this kink is modified
in the case of the signal from AH cosmic strings due to the precise shape of C˜, cf.
Eq. (75) and the discussion below Eq. (105), all the conclusions we can draw from
measuring the position of the kink in the inflationary spectrum hold just as well for the
AH cosmic string spectrum. In particular, this means that we can directly read off the
effective kink temperature T∗, determined by the parameters of the B−L Higgs sector.
Independent requirements on the reheating temperature from successful leptogenesis
and dark matter production then allow to constrain the parameters of the neutrino
sector, cf. Sec. 8.
Second, the prediction for the GW background from cosmic strings is plagued with
large uncertainties. The discrepancy between the AH and the NG prediction is one,
but there are also other mechanisms which might reduce or even eliminate the cosmic
string contribution. For example, a coupling between the GUT and SM Higgs bosons
can effectively reduce the string tension [68], or several e-folds of inflation occurring
after the U(1) phase transition could dilute cosmic strings in the NG model, thereby
reducing the GW background from cosmic strings, see e.g. Refs. [69–73]. Note also,
that all simulations have been done for a bosonic Abelian Higgs model, whereas we
are interested in a supersymmetric theory. Additional fermionic decay channels may
further relax the cosmic string bound by a factor O(1). Last but not least, one has
to worry about initial conditions. Clearly, strings cannot form until the causal horizon
is larger than their characteristic width [51], and one should remember that tachyonic
preheating proceeds very fast. In fact, the expectation value of the waterfall field grows
with time faster than exponentially [74]. It is thus crucial to also take into account the
second largest contribution, and over a wide range of frequencies, this is inflation.
Finally, the red curves in Fig. 7 depict the signals expected from tachyonic preheat-
ing, cf. Sec. 5. These are clearly at too high frequencies to be detectable in the near
future. Consulting Eq. (70), it becomes clear that this is generically true for GUT-scale
parameters. However, these signals show a distinctly different behaviour compared to
the two before-mentioned contributions. It would thus be very interesting if one could
probe such frequencies, since it would enable us to break parameter degeneracies and
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probe different models describing the preheating and reheating phase.
At this point it is worth mentioning, that although GWs yield an unique insight
into the very early universe, there are other possible signals, in particular from cosmic
strings, which are equally important: Cosmic strings distort the surface of last scat-
tering of the CMB photons, as well as affect them on their path since then. Hence,
CMB measurements yield upper bounds on cosmic string tension, cf. Ref. [35] for a
recent analysis. Moreover, if massive radiation is a significant energy loss mechanism
also at late times, this leads to the production of ultra high-energetic cosmic rays and
GeV-scale γ-rays. The non-observation of such signals imposes a (model-dependent)
upper bound on the string tension in the AH model, cf. Refs. [75–79].
10 Conclusions and Outlook
Cosmological B−L breaking at the GUT scale can account for the initial conditions
of the hot early universe: the generation of entropy, baryogenesis via leptogenesis and
dark matter via thermal production of gravitinos. The temperature evolution during
reheating is determined by the parameters of the neutrino and B−L Higgs sector.
The false vacuum of unbroken B−L symmetry drives inflation, ending in tachyonic
preheating and thus with the production of B−L Higgs bosons and cosmic strings.
In the preceding sections we have calculated the various contributions to the GW
spectrum during this pre- and reheating process. For the contribution from inflation
we have discussed in detail the transfer function, in particular the departure from a flat
spectrum at small and large frequencies and the dependence on the reheating temper-
ature. Furthermore, we have studied the temperature evolution during the reheating
process, which provided us with a clear understanding of its connection to the GW spec-
trum. As a result of preheating, the scalar and vector degrees of freedom lead to two
peaks at very high frequencies, the positions and heights of which we have estimated.
The spectrum of GWs radiated from cosmic strings has large theoretical uncertainties
which are mostly due to different assumptions on how strings lose their energy in the
scaling regime. For Abelian Higgs strings we find a GW spectrum which agrees in
shape with the one obtained for inflation. However, the normalization differs by about
eight orders of magnitude for typical parameter values. This enhances the possibility
of detecting a feature in the GW background associated with the reheating tempera-
ture. Such a measurement could potentially allow for the determination of underlying
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particle physics parameters, namely the B−L Higgs mass and the heavy neutrino mass
scale. For Nambu-Goto strings, shape and normalization differ significantly from AH
strings. This is a consequence of the energy loss of NG strings via GW radiation from
short string loops. The plateau of the spectrum is about five orders of magnitude higher
than the one predicted by AH strings. In order to make the parameter dependence of
the GW spectrum from NG strings transparent we have performed an approximate
analytical calculation.
As the model of cosmological B−L breaking illustrates, the GW spectral amplitude
from cosmic strings can be many orders of magnitude larger than the one from inflation.
This is the main result of this paper, which opens new perspectives for the observation
of relic GWs. If the prediction of AH strings for the GW spectral amplitude is true,
we have to wait for BBO or DECIGO to detect relic GWs. NG strings predict a much
larger spectral amplitude which could be discovered already with eLISA and advanced
LIGO, as well as with the Einstein Telescope. The true GW spectral amplitude for
cosmic strings could of course lie in between the predictions of AH strings and NG
strings. We emphasize that several of the before-mentioned experiments are most
sensitive in frequency ranges where departures from a flat spectrum are expected. A
discovery of such features in relic GWs would then contain valueable information about
the energy loss mechanism of cosmic strings. Furthermore, a determination of the
reheating temperature of the early universe may be feasible, a very exciting but clearly
challenging goal!
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A Evolution of the Scale Factor During Reheating
In order to be able to precisely describe the connection between the reheating process
and the spectrum of GW modes re-entering the Hubble horizon or being produced dur-
ing reheating, we need to know the exact evolution of the scale factor a as a function
of cosmic time t during reheating. This evolution is determined by the Friedmann
equation in combination with the Boltzmann equations for all non-relativistic and rel-
ativistic DOFs, respectively, (cf. Ref. [8])
H2 =
(
a˙
a
)2
=
1
3M2Pl
(ρS + ρrel) , (114)(
∂
∂t
−Hp ∂
∂p
)
fS(t, p) = − Γ0S fS(t, p) , (115)(
∂
∂t
−Hp ∂
∂p
)
frel(t, p) =
2pi2
grel
δ(p−mS/2)
p2
2nS(t) Γ
0
S , (116)
where all quantities labeled with an S refer to the non-relativistic B−L Higgs bosons
and their superpartners. Similarly, the phase space distribution function (PSDF) frel
and the energy density ρrel subsume the contributions from all relativistic DOFs, i.e.
heavy (s)neutrinos and MSSM radiation,
frel = fN + fN˜ + fr , ρrel = ρN + ρN˜ + ρr . (117)
In Eqs. (115) and (116), p denotes the physical momentum and n the number density,
which follows from the corresponding PSDF after integration over the momentum phase
space. In this appendix, we solve Eqs. (114) to (116) for the scale factor a and, based
on our result for a, compute several quantities required for our discussion in the main
text. In doing so, we will proceed as far as possible by means of analytical calculations
and only resort to numerical calculations if necessary. This will provide us with a
transparent picture, allowing us to identify the parameter dependencies of all quantities
of interest.
Putting the determination of the scale factor a(t) on hold, the Boltzmann equations
in Eqs. (115) and (116) can be solved analytically for the PSDFs fS and frel,
fS(t, p) =
2pi2
gS
(
aPH
a(t)
)3
nS (tPH)
δ(p)
p2
e−Γ
0
S(t−tPH) , (118)
frel(t, p) =
2pi2
grel
∫ t
tPH
dt′
(
a(t′)
a(t)
)3
2nS(t
′) Γ0S
p2
δ
(
p− a(t
′)
a(t)
mS
2
)
. (119)
48
Here, we have used that the initial PSDF of the B−L Higgs multiplet after preheating
is proportional to a delta function, fS(tPH, p) ∝ δ(p)/p2, as well as that the initial
PSDF of the relativistic DOFs vanishes, frel(tPH, p) = 0. Multiplying the PSDFs in
Eqs. (118) and (119) by ES = (p
2 +m2S)
1/2
and Erel = p, respectively, and integrating
them over the momentum phase space, yields the energy densities ρS and ρrel,
ρS(t) =mS nS(t) , nS(t) = nS (tPH)
(
aPH
a(t)
)3
e−Γ
0
S(t−tPH) , (120)
ρrel(t) =mS Γ
0
S
∫ t
tPH
dt′
(
a(t′)
a(t)
)4
nS(t
′) . (121)
Given these results for ρS and ρrel, it is easy to see that they are also solutions to the
following differential equations,
ρ˙S + 3HρS = −Γ0S ρS , ρ˙rel + 4Hρrel = Γ0S ρS . (122)
This is a useful cross check, since the first equation obviously derives from the Klein-
Gordon equation for the B−L Higgs bosons while the second equation is a direct
consequence of the covariant energy conservation.
With the expressions for ρS and ρrel in Eqs. (120) and (121) at hand, we are now
able to solve the Friedmann equation (cf. Eq. (114)) and hence determine the scale
factor. Let us begin by introducing the equation of state of the reheating phase, which
relates the total pressure ptot = pS +prel, where pS = 0 and prel =
1
3
ρrel, of the reheating
phase to its total energy density ρtot = ρS + ρrel,
ω =
ptot
ρtot
=
1
3
ρrel
ρS + ρrel
. (123)
Due to the permanent energy transfer from the non-relativistic B−L Higgs particles to
the relativistic DOFs, the equation of state coefficient ω continuously changes during
reheating. Starting out at a value ω = 0, it monotonically grows until it eventually
reaches ω = 1/3. We can, hence, model the evolution of the scale factor by approxi-
mating ω to be a piecewise constant function of time taking successively larger values
ωi ∈
[
0, 1
3
]
during consecutive short time intervals (ti, ti+1], where aPH ≤ a(ti) < a(ti+1).
During each such time interval, a is then of the following form,
a(t) = a(ti)
[
1 +
1
pi
H(ti) (t− ti)
]pi
, H(ti) =
(
ρtot(ti)
3M2Pl
)1/2
, pi =
2
3(1 + ωi)
, (124)
which is nothing but the standard solution of the Friedmann equation assuming a flat
universe and a constant equation of state, ωi = ptot/ρtot = const. The coefficients ωi
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Figure 8: Evolution of the equation of state coefficient ω as function of the scale factor a for three
different values of M1 = η
2mS . The vertical dashed lines indicate the respective values of aRH, i.e.
the times when half of the non-relativistic B−L Higgs particles have decayed (cf. Eq. (42)).
can be determined iteratively by requiring self-consistency of the Friedmann equation.
For all time intervals (ti, ti+1], we solve the following equation numerically, until we
reach ωi = 1/3,
ρtot(ti)
ρtot(ti+1)
=
(
a(ti+1)
a(ti)
)3(1+ωi)
, ρtot(t) = ρS(t) + ρrel(t) . (125)
Fig. 8 presents the result of this calculation for three different values of mS, which,
by means of our Froggatt-Nielsen flavour model, may be translated into corresponding
values of M1. Indeed, for all values of M1, we see how ω gradually increases from ω = 0
to ω = 1/3, with the transition between these two asymptotic values always taking
place at values of the scale factor around aRH. But more than that, the three curves in
Fig. 8, in fact, all have the same shape, differing from each other only by shifts along
the horizontal axis. Moreover, as evident from the above calculation, the evolution of
the scale factor is insensitive to the distinction between nonthermal heavy (s)neutrinos
and thermal MSSM radiation. As a consequence, the heavy (s)neutrino decay rate Γ0N1
and in particular the effective neutrino mass m˜1 do not enter into the determination
of the scale factor. All quantities that may be directly derived from a(t) as well as
from the energy densities ρS and ρrel, and hence all quantities that we shall compute
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in this appendix, thus, do not depend on m˜1. In particular, we shall now discuss four
important quantities required for our discussion in the main text:
(1) The evolution of the scale factor directly influences the GW spectrum through
its appearance in the equation of motion for the GW modes ϕAk (cf. Eqs. (4) and
(32)). With regard to the GW background from inflation, a(t) is even the only model-
dependent ingredient to the GW mode equation, which, in conformal coordinates, reads
d2
dτ 2
ϕ˜Ak (τ) +
(
k2 − a
′′(τ)
a(τ)
)
ϕ˜Ak (τ) = 0 , ϕ˜
A
k (τ) = a(τ)ϕ
A
k (τ) . (126)
Solving this mode equation for an appropriate range of k values, thus, allows us to
determine the transfer function T2 (cf. Eq. (58)). Here, the fact that the shape of
a(t) is independent of any model parameter (cf. Fig. 8) directly translates into the
coefficients c
(1)
2 and c
(2)
2 being constants across the entire parameter space. In other
words, the fixed shape of the kink in the GW spectrum at k = kRH can be directly
traced back to the unchanging shape of the scale factor a as a function of time.
(2) In Sec. 4 we introduce the correction factor R = ρS (aRH) /ρ˜
RH
r in order to quantify
the increase of a4ρrel after a = aRH (cf. Eq. (46)). To see that R has exactly this
meaning, note that both the B−L Higgs energy density ρS (aRH) as well as the would-
be radiation energy density ρ˜RHr can be rewritten in terms of the energy density ρrel,
ρS (aRH) = ρrel (aRH) , ρ˜
RH
r =
[(
a
aRH
)4
ρr
]
aaRH
=
[(
a
aRH
)4
ρrel
]
aaRH
, (127)
where we have neglected any possible changes in the number of relativistic DOFs in
thermal equilibrium during and shortly after reheating. The factor R is, hence, nothing
but the ratio of two values of a4ρrel,
R =
(a4ρrel)a=aRH
(a4ρrel)aaRH
=
IR (t = tRH)
IR (t tRH) , IR(t) =
∫ t
tPH
dt′
a(t′)
aPH
e−Γ
0
S(t
′−tPH) . (128)
IR (t = tRH) and IR (t tRH) scale in exactly the same way with the neutrino mass
M1, rendering the factor R a constant independent of all parameters of our model.
Solving the Friedmann equation as outlined above and evaluating the expression for IR
in Eq. (128), we find
IR (t = tRH) ∝M−13/31 , IR (t tRH) ∝M−13/31 , R = const. . (129)
An explicit calculation then yields the value of R used throughout this paper, R ' 0.41.
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(3) Besides R, we also introduce the correction factor CRH =
(
aPHH
2/3
PH
)
/
(
aRHH
2/3
RH
)
in Sec. 4 in order to account for the change in the equation of state between a = aPH
and a = aRH. The Hubble rate at the end of preheating, HPH, is controlled by the
coupling constant of the B−L Higgs particles, HPH ∝
√
λ (cf. Eq. (65)). In the context
of our Froggatt-Nielsen model, we estimate that λ scales like (M1/vB−L)
2, such that
HPH ∝M1. Furthermore, based on our semi-analytical determination of the scale factor
we find that14
aRH
aPH
∝M−4/31 , HRH ∝M 31 , (130)
which results in CRH being also a constant independent of all model parameters. An
explicit calculation leads to CRH ' 1.13.
(4) Finally, we define the would-be reheating temperature T˜RH in Sec. 4, allowing us
to precisely describe the relation between the wavenumber kRH and the temperature
of the bath during reheating (Eq. (43) and (44)). Again neglecting any change in the
number of relativistic DOFs during and after reheating, we are able to write T˜RH as
T˜RH =
1
aRH
(aT )aaRH , (aT )aaRH =
(
30 a4ρrel
pi2g∗
)1/4
aaRH
. (131)
Evaluated at late times, (a/aPH)
4ρrel scales like M
2/3
1 . Together with aRH/aPH ∝M−4/31 ,
we thus find that T˜RH ∝M3/21 . An explicit computation of T˜RH then results in Eq. (101).
B The GW Background from Nambu-Goto Strings
In this appendix we explain in some detail the approximations adopted in evaluating
the GW background in Sec. 7. According to Eq. (89), the spectrum is given by
ΩGW(f) =
2pi2f 3
3H20
∫ h∗
0
dh
∫ zPH
0
dzh2
d2R
dzdh
,
where the differential rate d2R/dzdh is defined in Eqs. (82) to (90). The GW back-
ground from NG strings can be obtained by calculating this integral numerically. How-
ever, this does not shed much light on the underlying paramater dependencies. Here,
we clarify these by adopting some approximations for the integrand, which allow us to
evaluate the integral in Eq. (89) analytically, leading to the result given in Eq. (94).
14In our Froggatt-Nielsen flavour framework, the B−L Higgs decay rate Γ0S also scales like M 31 ,
such that it is directly proportional to HRH. Calculating HRH explicitly shows that HRH ' 0.58 Γ0S .
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The differential rate d2R/dzdh depends on the Hubble parameter H(z) and the
functions ϕr(z) and ϕt(z), i.e. distance to and cosmic time of the GW emission as
functions of redshift (cf. Eqs. (86) and (87)), for which we use the approximations
H(z)
H0
'

1 , 0 < z < zΛ
Ω
1/2
m (1 + z)3/2, zΛ < z < zeq
Ω
1/2
r (1 + z)2, zeq < z < zRH
Ω
1/2
r (1 + zRH)
1/2(1 + z)3/2, zRH < z < zPH
, (132)
ϕr(z) '
{
ϕ0z , 0 < z ≤ 1
ϕ0 , z > 1
, (133)
ϕt(z) '

Ω
−1/2
m (1 + z)−3/2, 0 < z < zeq
Ω
−1/2
r (1 + z)−2, zeq < z < zRH
Ω
−1/2
r (1 + zRH)
−1/2(1 + z)−3/2, zRH < z < zPH
. (134)
Here, zΛ denotes the boundary between matter and Λ-domination,
zΛ = Ω
−1/3
m − 1 ' 0.5 , (135)
and the constant ϕ0 reads
ϕ0 = zΛ + 2 Ω
−1/2
m (1 + zΛ)
−1/2 . (136)
Note that the above approximations are rather rough around z ∼ zΛ, a region not very
important for our final result.
With the approximations in Eqs. (132) to (134), the differential rate hd2R/dhdz is
given by
h
d2R
dzdh
' 3piH
2
0
γαΓhf 2
Θ(1− θm)×

Ω2mϕ0z(1 + z) , z < 1
Ω
3/2
m ϕ0(1 + z)
−1/2, 1 < z < zeq
Ω
3/2
r ϕ0(1 + z) , zeq < z < zRH
Ω
3/2
r ϕ0
(1 + zRH)
3/2
(1 + z)1/2
z > zRH
. (137)
We can now perform the z-integration. The step function implies an upper bound zm
on the redshift, which dominates the integral,
dR
d lnh
'
∫ zm
dzh
d2R
dzdh
. (138)
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The upper boundary zm is a different function of f and h for each epoch and can be
determined using Eqs. (83) to (85). With this, we find for dR/d lnh the expressions
dR
d lnh
' ζf
(
H0
αf
)5/3
×

1
2
Ω
4/3
m
(
h0
h
)3
, h1 < h
2Ω
11/8
m
(
h0
h
)5/3
, h2 < h < h1
1
2
Ω
11/10
r
(
h0
h
)11/5
, h3 < h < h2
2Ω
11/8
r (1 + zRH)
11/8
(
h0
h
)11/8
, h < h3
, (139)
where we have introduced
ζ =
(
3pi2ϕ20
γ2ΓGµ
)3/5
. (140)
The boundaries h1, h2 and h3 separate the different epochs, i.e. Λ-domination, matter
domination, radiation domination and reheating, respectively, with
h1 = Ω
−1/3
m h0 , h2 = Ω
−1/3
m (1 + zeq)
−4/3h0 , h3 = Ω−1/3r (1 + zRH)
−5/3h0 , (141)
where
h0 =
α2/3GµH
1/3
0
ϕ0f 4/3
. (142)
The GW background spectrum is obtained by finally integrating h dR/d lnh over h.
For given f , there is an upper bound on the range of integration, h < h∗, which follows
from the requirement of including only GW bursts which arrive within time intervals
shorter than their ‘oscillation period’ [22]. The step function in Eq. (137) implies the
condition θm(f, h, zm) = ((1 + zm) f l(f, h, zm))
−1/3 < 1, yielding a lower bound hc on
the integration range, which enforces the infrared cutoff l on the wavelength of the
GWs emitted at redshift zm. Taking these boundaries into account, one can perform
the h-integration for the different epochs, which yields the result given in Eq. (94):
ΩGW(f)
ΩplGW
'

γ2r
γ2m
(
1
5
Ω
5/3
m
Ωr
+
32
25
Ω
7/6
m
Ωr
)(
H0
αf
)1/3
, fc < f < f1
32
25
(
6piϕ20
γ2mΓGµ
)5/11
γ2r
γ2m
Ω2m
Ωr
(
H0
αf
)12/11
, f1 < f < f2
1 , f
(NG)
eq < f < f
(NG)
RH(
1 +
32
25
γ2r
γ2m
)
Ω
1/6
r (1 + zRH)
1/3
(
H0
αf
)1/3
, f
(NG)
RH < f < f3
32
25
(
6piϕ20
γ2mΓGµ
)5/11
γ2r
γ2m
Ω2m
Ωr
(1 + zRH)
2
(
H0
αf
)12/11
, f3 < f
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with the height of the plateau given by
ΩplGWh
2 =
5pi3κ2Gµ
Γγ2r
Ωrh
2 .
For fc < f < f1, the GW background is sourced by the vacuum and matter domi-
nation phases and is dominated by the region h ∼ h1, corresponding to GW emission
around z ∼ 1. In the frequency range f1 < f < f2, the GW background originates
from the matter dominated phase and is dominated by amplitudes close to the upper
boundary in Eq. (89),
h ∼ h∗ =
(
6pi
Γγ2m
)8/11
Ωm ϕ
5/11
0
(
Gµ
α2
)3/11
H
17/11
0
f 28/11
< h1 . (143)
The plateau for frequencies f
(NG)
eq < f < f
(NG)
RH is produced by GW bursts during the
radiation dominated phase and is dominated by amplitudes
h ∼ hc = Ω1/2r
(
H0
αf
)5/3
h0 < h2 . (144)
This means that the plateau is the envelope curve of GW bursts emitted near zm in the
radiation domination phase. The higher-frequency part, fRH < f < f3, is due to the
radiation dominated phase and the first matter dominated phase and is dominated by
amplitudes around h ∼ h3, corresponding to GWs emitted near z ' zRH. The highest-
frequency part, f > f3, is the contribution from the first matter dominated phase with
amplitudes
h ∼ h∗ =
(
6pi
Γγ2m
)8/11
Ωm ϕ
5/11
0
(
Gµ
α2
)3/11
(1 + zRH)
H
17/11
0
f 28/11
< h3 . (145)
The approximate expression (94) for the relic GW spectrum is roughly consistent
with the numerical evaluation in Ref. [23]. Additionally, it contains the effect of the
first matter dominated phase on the relic GW spectrum, which has previously not been
considered.
C Characteristic Temperatures during Reheating
In Sec. 8, we introduced the neutrino decay temperature TN , the B−L Higgs decay
temperature TS as well as the radiation domination temperature TR and discussed some
of their properties. In this appendix, we shall now provide the formal definitions of TN ,
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TS and TR and list a couple of further interesting results concerning these temperatures
which we are able to deduce from our numerical investigation of the reheating process
by means of Boltzmann equations.
Neutrino decay temperature: The neutrino decay temperature TN is defined such
that at T = TN the Hubble rate H has just dropped to the value of the effective
(s)neutrino decay rate ΓSN1 ,
H (aN) = Γ
S
N1
(aN) , TN = T (aN) . (146)
As mentioned in Sec. 3, the reheating process is accompanied by a characteristic plateau
in the evolution of the radiation temperature (cf. Fig. 1). For ΓSN1  Γ0S, the neutrino
decay temperature reflects best the typical temperature scale of this plateau (cf. Fig. 5)).
In our earlier works, we were particularly interested in exactly the parameter region in
which ΓSN1  Γ0S, which is why we referred to TN as the reheating temperature in these
studies.
B−L Higgs decay temperature: The equivalent of the inflaton decay temperature
Tφ usually employed in scenarios of reheating through inflaton decay (cf. Eq. (97)) for
our reheating scenario is the B−L Higgs decay temperature TS, which is defined as the
temperature at the time when the Hubble rate H equals the B−L Higgs decay rate Γ0S,
H (aS) = Γ
0
S (aS) , TS = T (aS) . (147)
Radiation domination temperature: Due to the specifics of our reheating scenario,
the transition from the cosmic expansion being driven by non-relativistic DOFs to the
cosmic expansion being driven by relativistic DOFs does not coincide with the transition
from a phase dominated by nonthermal DOFs to a phase dominated by thermal DOFs.
While the former transition occurs at a = aRH, the latter takes place a bit later,
at a = aR, when enough nonthermal (s)neutrinos have decayed into thermal MSSM
radiation such that half of the total energy is contained in the thermal plasma,
ρtot (aR) = 2 ρr (aR) = 2 [ρS + ρN + ρN˜ ]aR , TR = T (aR) . (148)
The temperature at this time defines what we shall refer to as the radiation domination
temperature TR. Among all physical temperatures introduced so far, i.e. TN , TS, TRH
and TR, the radiation domination temperature is always the smallest. Using TR as ‘the
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reheating temperature’ is particularly well motivated, as, after all, it represents the
highest temperature ever reached during the thermal stage of the hot early universe.
Besides the observations already mentioned in Sec. 8, our numerical study of TN ,
TS, TRH and TR provides us with further interesting results:
(1) Up to some constant correction factor, the radiation domination temperature TR
corresponds to the minimum of the two decay temperatures TS and TN ,
TR ' 0.85×min {TS, TN} . (149)
This is, of course, expected since the radiation energy density ρr can only account for
half of the total energy density ρtot once both species, the B−L Higgs particles and
the heavy (s)neutrinos, have sufficiently decayed. Making use of Eqs. (146) and (147),
the relation in Eq. (149) can be translated into a statement about the Hubble rate at
a = aR, i.e. at the beginning of the thermal phase of the hot early universe,
H (aR) ' 0.72
(
αR
min{αS, αN}
)1/2
min
{
Γ0S,Γ
S
N1
}
. (150)
Here, the factors αS, αN and αR are defined analogously to the correction factor αRH,
αi =
ρtot
ρr
∣∣∣∣
ai
, i = N, S, RH, R . (151)
(2) αR is, by definition, given as αR = 2 (cf. Eq. (148)). αN and αS can be deduced
from the following relations in combination with our numerical results for TN and TS,
TN =
(
90
αNpi2gRH∗,ρ
)1/4√
ΓSN1MPl , TS =
(
90
αSpi2gRH∗,ρ
)1/4√
Γ0SMPl . (152)
According to Eqs. (44) and (46), the factor αRH can meanwhile be obtained from the
ratio of the would-be reheating temperature and the actual reheating temperature,
αRH = 2RD
4/3 = 2R
(
T˜RH
TRH
)4
, D =
(
T˜RH
TRH
)3
=
(αRH
2R
)3/4
, R ' 0.41 . (153)
With αRH at hand, we are then immediately able to determine the dilution factor D.
Solving the relations in Eq. (152) for αN and αS as well as computing αRH and D
according to Eq. (153), we find that all four factors can be brought into a similar form
as the four temperatures in Eq. (107),
αi ' max
{
α
(−)
i , α
(+)
i
}
'
α
(−)
i ; y & ei ⇔ yi & fi
α
(+)
i ; y . ei ⇔ yi . fi
, i = N, S, RH, D, (154)
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αi α
(−)
i,0 r
(−)
i s
(−)
i α
(+)
i,0 r
(+)
i s
(+)
i ei fi
αN 280 −1.0 1.0 5.6 −0.1 0.1 50 0.64
αS 3.4 0.0 0.0 37 0.85 −0.85 300 3.0
αRH 2.1 0.0 0.0 14 0.9 −0.9 180 1.8
D 2.0 0.0 0.0 8.5 0.65 −0.65 180 1.8
Table 2: Numerical values to be used in the fit formulas for αN , αS , αRH and αD ≡ D in Eq. (154).
where αD ≡ D and with the factors α(−)i and α(+)i being again simple power laws,
α
(−)
i ' α(−)i,0
(
M1
1011 GeV
)r(−)i ( m˜1
10−2 eV
)s(−)i
, (155)
α
(+)
i ' α(+)i,0
(
M1
1011 GeV
)r(+)i ( m˜1
10−4 eV
)s(+)i
. (156)
Our numerical results for the values of ei, fi, α
(±)
i , r
(±)
i and s
(±)
i are listed in Tab. 2.
(3) The fact that T
(−)
S is proportional to M
3/2
1 can be easily understood analytically. In
the framework of our Froggatt-Nielsen model, the B−L Higgs decay rate Γ0S scales like
M31 (cf. Eq. (29)). Making use of the relation between TS and Γ
0
S in Eq. (152), one then
finds that TS exhibits exactly the same parameter dependence as the square root of Γ
0
S
as long as αS is a constant. For fast decaying heavy (s)neutrinos, i.e. in the parameter
region where T
(−)
S < T
(+)
S , this is just the case, resulting in TS ∝ M3/21 . Furthermore,
since TRH is always only slightly smaller than TS and since TR ∝ min {TS, TN}, this then
explains why T
(−)
RH and T
(−)
R are proportional to M
3/2
1 as well. The scaling behaviour of
T
(−)
N is exactly the one already determined in Ref. [9]. Similarly, our result for α
(−)
N has
already been derived in Ref. [9]. In this sense, all other numerical results presented in
this section may be regarded as an extension of our previous findings.
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